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Abstract 

As a formulation of ‘codimension-two arguments’ in invariant the¬ 
ory, we define a (rational) almost principal bundle. It is a principal 
bundle off closed subsets of codimension two or more. We discuss 
the behavior of the category of reflexive modules over locally Krull 
schemes, the category of the coherent sheaves which satisfy Serre’s con¬ 
dition {S 2 ) over Noetherian (S' 2 ) schemes with dualizing complexes, 
the class group, the canonical module, the Frobenius pushforwards, 
and global U-regularity, of a rational almost principal bundle. We 
give examples of finite group schemes, multisection rings, surjectively 
graded rings, and determinantal rings, and give unified treatment and 
new proofs to known results in invariant theory, algebraic geometry, 
and commutative algebra, and generalize some of them. In particular, 
we generalize the result on the canonical module of the multisection 
ring of a sequence of divisors by Kurano and the author. We also give 
a new proof of a generalization of Thomsen’s result on the Frobenius 
pushforwards of the structure sheaf of a toric variety. 

2010 Mathematics Subject Classification. Primary 14L30. Key Words and Phrases, 
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0. Introduction 


(0.1) This paper is a continuation of [Has9j and [Has n. 

( 0 . 2 ) Let /c be a field, and G an algebraic group scheme over k. In geometric 
invariant theory, categorical quotients, geometric quotients, and principal 
hber bundles play important roles. Among them, principal hber bundles 
behave well with respect to quasi-coherent sheaves, and they are interesting 
from the viewpoint of algebraic invariant theory. Grothendieck’s descent 
theorem tells us that if -0 : X ^ H is a principal G-bundle, then 'ip* : 
Qch(F) —)■ Qch(G,X) is an equivalence of categories, see |Has9[ (3.13)]. 
This fact has played central role in our treatment of equivariant class groups 
and Picard erouos in [Has9] and [Has a. 

(0.3) A G-invariant morphism (p : X —)■ X is said to be an algebraic quo¬ 
tient (or an affine quotient) by G if it is an affine morphism, and the canonical 
map Oy —)■ is an isomorphism. If H is a G-algebra (a fc-algebra 

on which G-acts), then the canonical map ip ■. X = Speci? —)■ SpecH*^ = Y 
is an algebraic quotient. It is the central object in algebraic invariant the¬ 
ory. This is not even a categorical quotient in general (see Example llO.ldp , 
and it seems that imposing geometric conditions should yield a good class of 
algebraic quotients. However, the algebraic quotient ip is rarely a principal 
G-bundle. For example, if H = fc[xi,..., x„] is a polynomial ring and G acts 
on B linearly, then the origin is the fixed point, and hence ip is not a principal 
G-bundle unless G is the trivial group. 

(0.4) However, when we remove closed subsets of codimension two or more 
both from X and X, sometimes the remaining part is a principal bundle, 
and this is sometimes useful enough in invariant theory. We dehne that the 
diagram of G-schemes 

(1) x^^G^^X^^X 

is a rational almost principal G-bundle if G acts on V and X trivially, i 
and j are open immersions, codimy(X \j{V)) > 2, codimx(X \ i{U)) > 2, 
and p : G —)■ X is a principal G-bundle (cf. Dehnition I10.2p . The name 

‘rational’ comes from the fact that X.>■ X is a rational map. A G- 

invariant morphism p : X —)■ X is called an almost principal G-bundle if 
there exist some G C X and V <Z Y such that m is a rational almost 
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principal G-bundle, where i and j are inclusions, and p is the restriction of 
p (cf. Dehnition I1U.3I) . 


(0.5) If X and Y are locally Noetherian and normal, then the categories 
of reflexive modules Ref (Id) and Ref(R) are equivalent under the equiva¬ 
lences j* and j*. Similarly, the categories of G-equivariant reflexive modules 
Ref(G, U) and Ref(G, X) are equivalent under the functors and i*. Finally, 
by Grothendieck’s descent theorem. Ref (Id) and Ref(G, U) are equivalent un¬ 
der the equivalences p* and (?)‘^op^. Combining them, we have that Ref(y) 
and Ref(G, X) are equivalent under the equivalences i*p*i* and (?)'^j*p*R 
(note that (?)‘^j* and j*(?)‘^ are equivalent) (cf. Theorem lll.2p . This is the 
main observation of this paper. 

( 0 . 6 ) The hrst purpose of this paper is to show that properties of X and 
those of Y are deeply connected, and we can get information of Y from that 
on the action of G on X, and vice versa. 

(0.7) This kind of argument, sometimes called codimension-two argument, 
is not new here. We give one example which shows that our construction is 
a generalization of a very important notion in invariant theory. 

Let G be a hnite group acting on a variety X over a field k. Then for 
g E G, we dehne Xg := {x E X \ gx = x}. If codim^X^ = 1, then we say 
that g is a. pseudoreflection. If (p : X —)■ X is an algebraic quotient by G, then 
we have that p is an almost principal G-bundle if and only if the action of G 
is small, that is, G does not have a pseudoreflection fProposition 114.8(1 . We 
will show that some of the known important results on the invariant subrings 
under the action of hnite groups without pseudorehections can be generalized 
to the results on (rational) almost principal bundles. 

( 0 . 8 ) The second purpose of this paper is to show that (rational) almost 
principal bundles are so ubiquitous in invariant theory, algebraic geometry, 
and commutative algebra. As an application, we give new and short proofs 
to various known results. Some of them are generalized using our approach. 

(0.9) In what follows, we list the results on the hrst purpose, that is, the 
general results on the comparison of properties of X and Y, for a rational 
almost principal G-bundle ([1]). These are proved in Chapter 1 fsections fTOL 

m- 

For simplicity, in the following list, we assume that X and Y are normal 
varieties over an algebraically closed base held k. 
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(0.10) Ref(y) and Ref(G', X) are equivalent, as we mentioned. 


(0.11) Cl(y) = C1(G,X) iTlieorem lll.2p . This is a consequence of the 
equivalence Ref(R) = Ref(G,X). This result has essential overlap with the 
work of Waterhouse | Wat 21 Theorem 4] in the affine case. Our approach also 
enables us to establish an exact sequence 

0 ^ OJ) ^ Cl(y) ^ C1(.Y)0 ^ OJ), 

see Theorem 111.51 The proof depends on the corresponding exact sequence 
for the Picard groups developed in |Has9j . 


( 0 . 12 ) Let ojy be the canonical module of R, and ux be the G-canonical 
module of X. Then ux = i^p*j*u}x ©G) ^^^1 uy = ©g, 

where ©g = ©G,fc is a certain one-dimensional representation of G determined 
only by G iTheorem Ill.lSp . If G is smooth, then ©g = /\*°^LieG. If G is 
connected reductive or abelian, then ©g is trivial. This kind of relationship 
between ux and uy can be found in the work of Knop |Knp on an action of 
an algebraic group over an algebraically closed held of characteristic zero. See 
also |Pes] . As we also work over characteristic p > 0 and treat non-reduced 
group schemes too, the description of ojx and ©g depends on the theory of 
equivariant twisted inverse developed in |Has5] . 

Although the situation is different, ©g plays a similar role as the differ¬ 
ential character (or different character) Xb^a notation of |F1W] , where 

X = Spec B and Y = Spec A) played in the study of hnite group actions in 
|Bro] and |F1W] . In the case that the group G is etale, X = Spec B and Y are 
affine, and : X —)■ R is an almost principal G-bundle with B a UFD, where 


m 


our settings overlap with theirs, ©g = Xb a trivial (this case is treated 
|Braj ). In these papers, the assumption that R is a UFD (or a polynomial 
ring) was important in order to make the different module Bb/a rank-one 
free. We are free from the assumption that R is a UFD, and we can treat 
higher dimensional and non-reduced group schemes. 


(0.13) Let the characteristic of fc be p > 0. If Ad G Ref(G, X), then the 
Frobenius pushforward also lies in Ref(G,X), see for the notation, 

section |8l This simple observation suggests that (rational) almost principal 
bundles are useful in studying Frobenius pushforwards and related properties 
and invariants of algebraic varieties in characteristic p > 0. Let M G Ref(R) 
corresponds to Ad G Ref(G, X) under the equivalence Ref(R) = Ref(G,X) 
above, and e > 1. If G is fc-smooth, then the Frobenius pushforward R®(®A/') 
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corresponds to the invariance where Ge is the eth Frobenius 

kernel of G (Theorem I12.6p . If G is a hnite group, then Ge is trivial. Ap¬ 
plying this result, Nakajima and the author recently gave a description of 
the generalized F-signatures of maximal Cohen-Macaulay modules over the 
invariant subrings under the action of hnite groups without pseudorehections 
[HiiN] . 

(0.14) Using the correspondence in flO.lSp of Frobenius pushforwards, we 
get information on the direct-sum decomposition of the Frobenius pushfor¬ 
wards F^{^Oy) from the information of the decomposition of 
The author expects that this observation will be useful in studying the prob¬ 
lem of hnite F-representation type dehned by Smith and van den Bergh 
[SmVdB] . As an application, we will give a short proof of a generalization of 
Thomsen’s result [Thoj on the decomposition of Frobenius pushforwards of 
the structure sheaf of toric varieties iTlieorem I16.4p . 

(0.15) Another related result on Frobenius maps is the heredity of global 
F-regularity. We say that an integral Noetherian Fp-scheme X is globally F- 
regular if for any invertible sheaf £ on X and any nonzero section s : Ox —t £ 
of £, there exists some e > 1 such that sF® : Ox(<^) —t £ splits as an OxM- 
linear map. This was dehned by Smith [Smi] for projective varieties, and 
this dehnition is its obvious extension. She applied this notion to prove a 
vanishing theorem on a GIT quotient of a complex Fano variety with rational 
Gorenstein singularities. We prove that when G is linearly reductive and both 
X and Y have ample invertible sheaves, X is globally F-regular if and only 
if Y is globally F-regular. Note that as we work over characteristic p > 0, 
if G is affine and linearly reductive, then the identity component G° of G is 
diagonalizable |Swe2j . and G/G° is a hnite group whose order is not divisible 
by the characteristic of k. 

This is the end of the list of our general results. 

(0.16) Some of the results above are proved under more general settings, 
see the text. We tried to study not only smooth algebraic groups but also 
non-reduced group schemes, as long as possible. In fact, our base scheme 
S is basically general, and our group scheme G is basically general, except 
that it is almost always assumed to be hat. Some additional assumptions are 
added case-by-case. 

When we consider a torus action, our main construction has some applica¬ 
tions to algebraic geometry and commutative algebra fsections fTSHTTP . For a 
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finitely generated torsion-free abelian group A = a ring B with the action 
of the torus G = Spec ZA is nothing but a A-graded ring. Then the Veronese 
subring By with respect to a subgroup T C A is nothing but B^, where N 
is the diagonalizable group scheme SpecZ(A/r). If the characteristic of the 
base field fc is p > 0 and A/T has a p-torsion, this is a non-reduced group 
scheme. So the invariant theory of non-reduced group schemes arises natu¬ 
rally in algebraic geometry and commutative algebra in characteristic p > 0. 
As an application of our main construction, we give a characterization of a 
standard graded fc-algebra B of dimension greater than or equal to two whose 
Veronese subalgebra Bdi is quasi-Gorenstein fProposition 117.91) . Although 
their (seeming) statement was a little bit weaker, Goto and K.-i. Watanabe 
[GWl (3.2.1)] already proved it (exactly the same proof works). 

Recently, the author gave a classihcation of the linearly reductive finite 
subgroup schemes of SL 2 [Has 10] . This enables us to write any complete 
local F-rational Gorenstein ring of dimension two over an algebraically closed 
held of positive characteristic as an invariant subring of such a subgroup 
scheme. This has known to be true for sufficiently large characteristic, but 
now the bad characteristics have also be covered, using non-reduced group 
schemes. In this paper, we dehne the smallness of the action of a group 
scheme, generalizing the action of hnite groups without pseudorehections, 
and show that the canonical action of a linearly reductive hnite subgroup 
scheme of on fc[[xi,... ,x„]] is small fProposition 117.1^ . Applying the 
general results listed above to the action of SL 2 on /c[[x, pj], we get some basic 
and known results on the two-dimensional F-rational Gorenstein singularities 
(such as hnite representation type property), see Theorem II 7. 171 

The author expects that the generalization from groups to group schemes 
will give interesting new aspects to invariant theory. 

(0.17) The codimension-two argument on rehexive sheaves works comfort¬ 
ably on Noetherian normal schemes. However, as applications to commu¬ 
tative algebra are important motivations, we mainly work on locally Krull 
schemes when we discuss class erouns. as in [Has9j and [Has m- A gen¬ 
eralization to diherent direction is the coherent sheaves A4. which satisfy 
Serre’s (R^) condition (that is, depth^^^Ad^ > min(2, dim O^^^) for z ^ Z) 
on a quasi-normal locally Noetherian scheme Z. Quasi-normality is a notion 
which generalizes a normal scheme (a little bit more generally, schemes which 
satisfy (Ti) -|- (S' 2 ) ((^ 1 ) is ‘Gorenstein in codimension one,’ it is also written 
as (Gi) by some authors. Our notation is after |GM] )i and a locally equidi- 
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mensional scheme with a dualizing complex simultaneously, see fl7.36p . In 
particular, we generalize |Hart4[ (1.12)]. A quasi-Gorenstein locally Noethe- 
rian scheme is quasi-normal, and the generalization to this direction is used 
to reprove the theorem of Goto-Watanabe mentioned in flO.lbp . 

(0.18) As in [Has m, instead of working on a single group scheme G, we 
mostly work on a short exact sequence 

N ^ H 

of group schemes. That is, / : G —)■ if is a qfpqc homomorphism of group 
schemes, and N = Ker/. For qfpqc morphisms, see [Hasll[ section 2]. We 
say that a rational almost principal A^-bundle ([T]) is G-enriched if it is also a 
diagram of G-morphisms. 

For example, let B = k[xi,... ,Xn] be a polynomial ring over a held k, 
and N a hnite subgroup of GLn without pseudorehection, acting on X = 
Sped? in a natural way. Let H = Gm be the one-dimensional torus, and 
G = N X H. As the action of X on i? preserves grading, G acts on B. 
As the inclusion A ^ B preserves grading, the almost principal X-bundle 
(f ■. X = SpecB —)■ Speci?^ = H is G-enriched. By our general result, 
ip* : Ref {H,Y) —)■ Ref(G,X) is an equivalence whose quasi-inverse is (J)^ip^ 
iTheorem lll.2p . Note that Ref(iL, H) is the category of graded rehexive 
Gy-modules, and Ref(G, X) is the category of graded rehexive {N,Ox)- 
modules. So the auxiliary action of H gives us the graded version of the 
invariant theory. 

Another example of an auxiliary action is that of Galois groups. Let k be 
a held, Ni an etale fc-group scheme, and (p : X —)■ X an almost principal Ni- 
bundle. Let k' be a hnite Galois extension of k with the Galois group H such 
that the base change k' Ni is a constant hnite group N (such k' always 
exists). Then H acts on N by group automorphisms, and we can dehne the 
semidirect product G := N x H, and the base change (p' : X' —)• X', where 
the base held is still fc, not k', is a G-enriched almost principal X-bundle 
(H-equivariant almost principal X-bundle). Even if the original Xi is not 
constant, G and H are constant hnite groups, and we can utilize the usual 
group theory to study ip'. 

Yet another example can be found in the study of the Gox rings of toric 
varieties, see Proposition 116.11 See also Lemma [15.361 


















(0.19) In Chapter 2 (sections [HHTS]), we show various examples of (ratio¬ 
nal) almost principal bundles and give applications. 

( 0 . 20 ) The hrst example is the hnite group schemes. As we have men¬ 
tioned, an action of a hnite group G on an affine algebraic variety X = Spec B 
yields an almost principal G-bundle (p : X = Spec B —)■ Spec B^ = y if and 
only if the action is small (that is, G does not have a pseudorehection). For 
a general hnite group scheme action, we dehned the smallness of the action 
via the largeness of the free locus of the action, see flll.ip . The author does 
not know how to redehne the smallness using the non-existence of pseudore- 
hections for general hnite subgroup schemes of GL„, see Remark 117.151 

We call a group scheme h : G —?• S' on a scheme S is locally finite free (LFF 
for short) if it is hnite and the structure sheaf h^Oc is a locally free sheaf 
on S. We work on LFF group schemes (as a generalization of hnite group 
schemes over a held), and prove that an algebraic quotient p ■. X = Spec B —)■ 
Y = Spec B^ is an almost principal G-bundle if and only if the action is small 
fProposition 114.8|) . Thus we know that the action of a hnite group G without 
pseudorehection on an affine variety yields an almost principal G-bundle, as 
we have already mentioned. This fact is also useful in hnding examples of 
(rational) almost principal bundles with respect to non-reduced hnite group 
schemes in flO.lbp . 

As an application, assuming that X satishes the (5*2) condition, we give 
a characterization of an algebraic quotient p : X ^ Y hy the action of an 
LFF group scheme G such that Y is (connected Noetherian with a dualizing 
complex and) quasi-Gorenstein fTheorem 114.241 6). If, moreover, G is etale; 
abelian group scheme over a held; or a linearly reductive group scheme over 
a held (more generally, a Reynolds group scheme over S, see below), then we 
have a very simple relationship: uy = {p,^UJx)'^■ If, moreover, X is normal, 
then we have ux — {p*ojy)** iTheorem 114.241 4). When the group scheme 
is etale, there are considerable overlaps with the results of jPes l.E ro l.E 
and jFTW] . 

Also, well-known formula for the class group of A is generalized to the 
action of non-reduced hnite group schemes, see Example 114.281 

We point out that if the base scheme S, the group scheme G, and the 
scheme X = Spec B are affine, to say that p ■. X = Spec B —Spec B^ is an 
almost principal G bundle is the same as to say that B^ —R is a pseudo- 
Galois extension in the sense of Waterhouse [Wat] by dehnition. His study 
on the class group is applicable to hnite group schemes also, and our work 
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has many overlaps with his. 

(0.21) Next example is a rational almost principal G-bundle arising from 
a sequence of divisors Di,..., Dg over a Noetherian normal variety (more 
generally, a quasi-compact quasi-separated locally Krull integral scheme) F, 
where G is the torus and we assume that Yli '^Di contains an ample 
Cartier divisor. Let j \ V = Freg F be the regular locus of F (for 
simplicity, assume that F is Noetherian), and let 

p:U = ^^(0 OyC^ A,A)|y 

AeZ» i 

be the canonical map. Also, let 

X := Specr(G,(9A = Spec(0 r(F, Oy(5^ A,A)) ■ t^), 

AeZ® i 

and i : t/ —?• X be the canonical map. Then 

X F 

is a rational almost principal G-bundle fTheorem ll5.28p . No map is dehned 
from X to F here, and this gives an example of a rational almost principal 
bundle which is not an almost principal bundle. This construction already 
essentially appeared in |HasKj without the formal dehnition of rational al¬ 
most principal bundles. By our main theorem (Theorem 111.21) . we get an 
equivalence between the categories Ref(F) and Ref(G,X) in an explicit way 
f Corollary 115.29p . Also, the description of the canonical module of a multi¬ 
section ring (where F is a projective normal variety over a held) in |HasK] 
is generalized to a result on Noetherian normal integral schemes (Proposi¬ 
tion [T533])- A part of the results on the class group of the multisection ring 
in lEKWI is also reproved as a theorem on locally Krull schemes (Proposi¬ 
tion [lEM]). 

Let A = so that G = SpecZA Xgpecz S. Let P be a subgroup of A, 
and set H = SpecZP Xgpecz S, and f : G ^ H the canonical map. Then 
N := Ker/ is nothing but SpecZ(A/P) Xgpecz S. Let B be the multisection 
ring r(F, (Py(^. AjA)) ■ Then is the Veronese subring A = 

P(F, Gy(X]j \B)i)) ■ G. We show that the canonical algebraic quotient 
6 : X = Spec B —)■ Spec B^ = X' is a G-enriched almost principal X-bundle 
iLemma 115.36p . Consequently, we can prove some results which connect X 
and X'. 
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( 0 . 22 ) When we apply the construction explained in fl0.2ip to the Cox ring 
of a toric variety (with a torsion-free class group), then we get some basic 
information on toric varieties, such as the description of the canonical module 
fCorollary I16.2p . and the global F-regularity (Proposition [T63]). Also, we 
prove that for a toric variety Y over a perfect held fc, there exist hnitely many 
equivariant rank-one rehexive modules Adi,... ,Aiu on Y (equivariant with 
respect to the torus action) such that any Frobenius pushforward F^{^Oy) 
is a hnite direct sum of copies of them, as Oy-modules, generalizing the 
theorem of Thomsen on non-singular toric varieties. This has been 

known also for affine toric varieties 

(0.23) Although we can construct a rational almost principal bundle from 
a set of divisors on a normal variety, it seems difficult to hnd a rational almost 
principal bundle from a given multigraded ring B. But this is relatively easy 
when B is surjectively graded. This notion hrst appeared in |Has 3] for the 
case that i? is a domain. We modify this to a usable dehnition for the case 
that B is not a domain, and give an easy way to get many rational almost 
principal bundles from multigraded rings iLemma 117.6p . 

The most typical example is a standard graded algebra B = 0n>O 
with dimi? > 2. Then letting X = Speci?, U = X \ 0, and Y = Proj B, we 
get a rational almost principal bundle 

a: ycih- Y , 

where 0 is the origin of the affine cone X. From this construction, we get a 
very short proof of Grothendieck’s theorem which tells that any locally free 
sheaf on is uniquely a direct sum of 0(n) (Example 117. lOp . This is simply 
because Ref(P^) and Ref(Gm, k[x, y]) are equivalent by our main theorem. 

(0.24) There are also examples where the group scheme G is not a torus 
or a hnite group scheme. We point out that determinantal and Pfaffian 
varieties yield examples of almost principal G-bundles where G is a connected 
reductive group which are not hnite (section [TS]). 

Given a G-algebra Krull domain B and a candidate Krull domain A C B^ 
of B^, it is sufficient to prove that ip : Spec B —)■ Spec A is an almost principal 
G-bundle in order to show A = B^ iTheorem 110.131) . Thus, proving that 
A = B^ is reduced to proving that A is a Krull domain, when we know 
geometric information that if is an almost principal bundle. This technique 
essentially appeared in |Has4j . and applied to the same examples. 
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An example of an action of the additive group is also given (Exam¬ 
ple [IHIl. 

(0.25) Some miscellaneous problems are also discussed in this paper, in 
order to overcome technical difficulties to discuss main ingredients. Most of 
them are contained in Chapter 0 (sections [I]-[9]). We will see them below. 

(0.26) We overview the contents of this paper section by section. 

Chapter 0 (sections [IHS]) is preliminaries. 

In section [H we review some basic definitions and facts on quotients. In 
section [21 we discuss the compatibility of the invariance functor and some 
other operations on sheaves. In section |3l we discuss the problem of functo- 
rial resolutions. In section 01 we discuss the compatibility of the restriction 
functor and some other operations on sheaves. In section 01 generalizing lin¬ 
early reductive group schemes over a field, we define Reynolds group schemes 
and discuss basic properties. This class of group schemes includes linearly 
reductive group schemes over a field, finite groups with the order invertible 
in the base ring, and diagonalizable group schemes (including split tori) over 
an arbitrary base ring (Examples l5.15f0TT7|) . In section 01 we discuss the 
base-change map of twisted inverse pseudofunctors. In section [71 we discuss 
the (equivariant) canonical modules. As a generalization of a special case of 
Knop’s work over a field of characteristic zero, we give the correspondence 
between ux and uy for a principal G-bundle X —)■ E. Also, generalizing 
the facts on the category of reflexive sheaves on normal varieties, we show 
that the category of sheaves Ai which satisfy the (S' 2 ) condition (that is, 
depth > min(2, dim O^^^) for z E Z) behaves very similarly on quasi¬ 
normal Noetherian schemes Z, and we show that codimension-two argument 
works. We generalize |Hart4l (1.12)]. On the way, we generalize the well- 
knwon result on the equivalence of {S 2 ), reflexive, and being a second syzygy 
due to Evans and Griffith |EvG[ Theorem 3.6], using the new notion of 
2-canonical modules fLemma I7.28p . Recently, similar results in slightly dif¬ 
ferent contexts are obtained by Dibaei-Sadeghi |DiSj and Araya-Iima [Arl] . 
In section [HI we define a new category to treat Frobenius twists and Frobe- 
nius kernels effectively. This enables us to discuss the Frobenius kernels of 
a group scheme over an arbitrary Fp-scheme. In section 01 we discuss when 
B is finite over and when is F-finite for an affine algebraic group 
scheme G over a field k of characteristic p > 0 and a G-algebra B. The main 
result is Lemma 19.61 If G is a constant finite group, then the lemma is a 
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special case of |Fog[ Theorem], 


(0.27) After these preliminaries, in Chapter 1 (sections [T0HT3]), we do the 
main dehnitions and discuss general properties of rational almost principal 
bundles. 

In section [10], we give main dehnitions, and discuss the problem of base 
change. We also prove Theorem 110.131 mentioned above. In section [TTl 
we discuss the behavior of the (equivariant) class group, using the results 
obtained in |Has9] and [Hasll] . We also discuss the behavior of the canonical 
modules, using the results in sections El and [T] We discuss the behavior of 
the Frobenius pushforwards with respect to rational almost principal bundles 
in section [T2j The author expects some future applications on the problems 
in invariant theory related to the characteristic p commutative algebra. The 
paper |HasNj is a trial toward this direction. Section [13] is on the global 
F-regularity. As our construction uses open subschemes, we discuss global 
F-regularity of schemes which may not be projective. 


(0.28) After proving general results, we give examples and applications of 
rational almost principal bundles in Chapter 2 f sections [THITH]) . In section [TTl 
we discuss hnite group schemes (more precisely, LFF group schemes). In 
particular, we prove a similar result to the results on the canonical modules 
for the hnite group actions due to Broer [Bro] and Fleischmann-Woodcock 
|F1W] . In section [TT] we construct a rational almost principal bundle from a 
sequence of divisors on a locally Krull scheme, and prove a generalization of 
the theorem of Kurano and the author which describes the canonical module 
of the multisection ring. As an application, we prove some known and new 
results on toric varieties, using the Cox ring in section [16] In section [T7] we 
give a way to construct rational almost principal bundles from a multigraded 
rings. This enables us to study the Veronese subring using our approach. In 
section [TB] we show that determinantal and Pfafhan varieties treated by De 
Concini and Procesi |DeCP] give examples of almost principal bundles. 

(0.29) Acknowledgments: The author is grateful to Professor Kayo Masuda 
for kindly showing me that Example 110.141 is an example of an algebraic 
quotient which is non-surjective. Special thanks are also due to Professor 
Kazuhiko Kurano, Dr. Yusuke Nakajima, Dr. Akiyoshi Sannai, and Professor 
Takafumi Shibuta for stimulating discussion. The author also thanks Pro¬ 
fessor Tokuji Araya, Professor Shiro Goto, Professor Nobuo Hara, Dr. Ryo 
Kanda, Professor Takes! Kawasaki, Professor Shunsuke Takagi, Professor 
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Ryo Takahashi, Professor Kohji Yanagawa, and Professor Yuji Yoshino for 
valuable advice. He is also grateful to Professor Kei-ichiro lima and Professor 
Gregor Kemper for valuable comments on an earlier version of this paper. 

Chapter 0. Preliminaries 

1. Actions and quotients 

fl.l') This naner is a continuation of jHas9j and [Has m- We follow the 
notation and terminology of these papers. In particular, for the notation and 
terminology on sheaves over diagrams of schemes and equivariant modules, 
we follow [Has a, (H asOj . and |Has02] . unless otherwise specihed. Unex¬ 
plained notation and terminologies on commutative algebra, algebraic geom¬ 
etry, algebraic groups, representations of algebraic groups, and Hopf algebras 
that are not in these should be found in [Mat] . [HartSj. |Gro 1. E or 1. C an] . 
|Swe| . or Throughout this paper, S denotes a (base) scheme. 

( 1 . 2 ) Let G be an S'-group scheme, and ip : X ^ Y a G-invariant mor¬ 
phism. The secondary map associated with G and ip is the map 

T = : G X X ^ X Xy X 

given by {g,x) i—)■ {gx,x). This map is independent of the choice of S in the 
sense that when we replace S' by Y and G by Gy = G x Y, then we get 
the same map (over the base scheme Y). If h : Y' —)■ Y is an S'-morphism 
between S'-schemes with trivial G-actions, then '■ G x X' ^ X' Xy' X' 

is identihed with ly/ x tkc.v? -.Y'xyiGx X') -^Y'xy {X Xy X). 

(1.3) Let G be an S-group scheme. A G-invariant morphism <^9 : A —)■ Y is 
said to be a categorical quotient if for any G-invariant morphism 'tp : X ^ 
there exists some unique S'-morphism 6 : Y ^ Z such that 'ip = dp. The 
categorical quotient is unique (in the category of G-schemes under X). 

(1.4) A G-invariant morphism <^9 : A ^ Y is said to be an algebraic quotient 
or affine quotient by the action of G if it is an affine morphism, and f] : Oy —?• 
{p^Oyffi is an isomorphism. An algebraic quotient need not be surjective. 
It need not be a categorical quotient either in general, see Example 110.141 
below. However, if S' = Spec k is a held and G is a semireductive fc-group 
scheme (see 09.31) below), it is a categorical quotient (see Lemma 1^31) . 
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(1.5) A morphism of schemes h ■. Z ^ W is said to be submersive if h is 

surjective, and for any subset U of W, U is open if and only if h~^{U) is open 
in Z. A G-invariant morphism 99 : A —)■ F is said to be a geometric quotient 
if it is submersive, Oy —)■ is an isomorphism, and is surjective. 

A geometric quotient is a categorical quotient |MuFK| (0.0.1)]. By dehnition, 
an affine geometric quotient is an algebraic quotient. However, a geometric 
quotient need not be an algebraic quotient in general. For example, let 
G = SLn with n > 2 over an algebraically closed field k, and consider the 
structure map ip : X = G/B —>■ Spec A; = H, where B is the subgroup of 
the upper triangular matrices in G. It is a geometric quotient by G, but is 
not an affine morphism, since G/B is a projective variety of dimension one 
or more |Borl (11.1)]. So in particular, we have an example of a categorical 
quotient which is not an affine morphism. 

( 1 . 6 ) We say that p : X ^ Y is a. universal (resp. uniform) categorical 
quotient by G if for any A-morphism (resp. any flat F-morphism) Y' —)■ H, 
the base change p' \ X' ^ Y' is a categorical quotient by G. A similar def¬ 
inition is done for algebraic and geometric quotients. An algebraic quotient 
is uniform under very mild conditions, see Corollary 12.221 below. 

(1.7) Let G be an F-group scheme acting on an F-scheme X. Let us 

consider 'L = : G x A —)■ A x A, where hx : A —)■ S' is the structure 

map. It is easy to see that 0 : \I'“^(A) —)■ A induced by 'L is an A-subgroup 
scheme of G x A, where A is embedded in A x A via the diagonal map (if 
hx is separated, then it is a closed subgroup). Sx '■= 'L~^(A) is called the 
stabilizer of the action of G on A. If Sx is trivial as an A-group scheme, 
then we say that the action of G on A is free. We say that the action of G 
on A is GIT-free if d' is a closed immersion. Obviously, a GIT-free action is 
free. 

Lemma 1.8. Let G he an S-group scheme, and if : X' ^ X be a G-morphism 
which is a morphism of schemes. Then there is an inclusion Q : Sx' —t 
Sx Xx dL' of X'-subgroup schemes of G x A'. In particular, if the action of 
G on X is free, then so is the action of G on A'. If if is a monomorphism 
{e.g., an immersion), then Q is an isomorphism. 

Proof. Note that both Sx' and Sx XxX' are A'-subgroup schemes of G x A'. 
For an F-scheme W, 

Sx'{W) = {{g,x') e G{W) X X\W) \ gx' = x'} 
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and 


(5x xx X’){W) = {{g,x') e G{W) x X\W) \ ij{gx') = ij{x')}. 

So Sx Xx X' contains Sx'- 

If the action of G on X is free, then Sx is trivial. So Sx' is also trivial 
by the discnssion above, and the action of G on X' is free. The argnment 
above also shows that if is a monomorphism, then Sx' = Sx Xx X'. □ 

(1.9) Let G be an S'-gronp scheme acting on X, and 'll) : X' ^ X any 
monomorphism of S'-schemes (X' need not be a G-scheme). Then we dehne 
the stabilizer at X' of the action of G on X by the X'-gronp scheme Sx' '■= 
Sx Xx X'. This dehnition does not canse a confnsion by Lemma iLSl If x is 
a point of X, the stabilizer S^ is a /i:(a;)-snbgronp scheme of G x x. 

( 1 . 10 ) A G-invariant morphism (^ : X —)■ F is a principal G-bnndle if and 
only if it is qfpqc and is an isomorphism |Haslll (2.8)]. A principal 
G-bnndle is a nniversal geometric qnotient |Haslll (6.2)]. If, moreover, G 
is a normal snbgronp scheme of an S'-gronp scheme G and ip is also a G- 
morphism, then we say that p is G-enriched. 

Lemma 1.11. Let G be an, S-group scheme, and p : X ^ Y a G-invariant 
submersive [resp. universally submersive) morphism such that T : G x X —)■ 
X Xy X given by '^{g,x) = {gx,x) is surjective. If U is a G-stable open 
subset of X, then p{U) is an open subset, and p~^{p{U)) = U. If, moreover, 
G is universally open, then p is open {resp. universally open). 

Proof. This is essentially |MnFKl (0.2), Remark (4)]. □ 


2. Compatibility of G-invariance and direct and inverse images 

( 2 . 1 ) Let G be an S-gronp scheme and Z an S'-scheme on which G acts 
trivially. Set (?)^ = (?)-iRam • Mod(G, Z) —)■ Mod(Z), and C = (?)am-^-i • 
Mod(Z) —)■ Mod(G,Z). Note that C is left adjoint to {I)^. 

Using the description of Ram |Has5( (6.14)], {7)^M = is the kernel 
of the map 


where p : G x Z —)■ Z is the second projection, which eqnals the action 
(because the action is assumed to be trivial), and 6i : [0] = {0} —)■ [1] = {0,1} 
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is the map given by 5j(0) = 1 — i (for the notation on simplicial objects, see 
|Has5[ Chapter 9]). We call G Mod(Z) the G-invariance of M. |Has5[ 
(30.1)], |Haslll (5.30)]. The natural inclusion 




is denoted by 7 . 

Lemma 2.2. For Ai E Mod(G, Z), the following are equivalent. 

1 M. = CM for some M E Mod(Z). 

2 M is equivariant, and Mo = Mi ■ 

3 M is G-trivial, that is, M. is equivariant, and 7 : —)■ A4o is an 

isomorphism {see (30.4)]). 

4 The counit of adjunction £ : CAd^ -E Ai is an isomorphism. 

Proof. 1 ^ 2 . Since [— 1 ] is the initial object of Ad = CM is equivariant 
by |Has5t (6.38)]. By dehnition, {CM)n = {Bq {Z))*^^~^M , where £{n) : 
[—1] = 0 —)■ [n] is the unique map. The map M : {CM)q = M ^ p,,{CM)i = 
p*p*M' is the unit map, and is independent of i. 

2773 is trivial. 

3^4. By 1^2, CAd'^ is equivariant, and Ad is assumed to be equivariant. 
Hence it suffices to prove that £0 : (CAd^)o —)■ Ado is an isomorphism, since 
the restriction (?)o : EM(G,Z) —)■ Mod(Z) is faithful. However, this map is 
identihed with 7 : Ad^ -E- Ado- 

4^1. This is trivial. □ 

(2.3) Let G be an S'-group scheme and h : Z' Z he a morphism of 
S'-schemes on which G acts trivially. Then the canonical map 

e : h*Ad^ -E (h*Adf 

is dehned to be the composite 

e : h*Ad^ = h*(?)_,R^^Ad A (?UB^(h)*R^^Ad 

A (?)_i/2am5g = {V^B^ihYM = {h*Aif, 


17 












see |HasOl (7.4)]. It is an isomorphism between fnnctors from Lqc{G,Z) to 
Qch(Z') if G is qnasi-compact qnasi-separated and h is flat |HasO[ (7.5)] (the 
flatness of G is assnmed there, bnt that assnmption is nnnecessary). Note 
that as in |HasMl (2.18)], BQ{h)*M is abbreviated as h*A4, by abuse of 
notation (although A4 may not be quasi-coherent here). Note that e is a 
natural transformation between the functors from Mod(G',Z) to Mod(Z'). 

Lemma 2.4. The diagram 


h*(?)^—!^h*(?)o 
e e 

(?)^h* —^ (?)oh* 


is commutative. 


Proof. Follows easily from the commutative diagram in [Has5( (6.27)]. □ 

Corollary 2.5. Let h' : Z” —)■ Z' and h ■. Z' ^ Z he a sequence of G- 
morphisms. Then the composite 


{hh'Yilf ^ {h'Yh*{l) ^ {h'Yilfh* 4 Yf^h'Yh* 4 ilfi^hh') 


agrees with e. 

Proof. This follows easily from Lemma 12.41 and fTT^ (1.23)|. □ 

( 2 . 6 ) Let if : X ^ Y and ^ Z he morphisms of ringed sites. 
Then the two functors (Yp)* cind Y*P* ci-re equal, and the standard natural 
isomorphism c : {Yp)* Y*P* is nothing but the identity map. 

(2.7) Let / be a small category, and X an /°P-diagrams of schemes. For 
A4 G Mod(X) and i G I, YAi G Mod(Xj). For each Y ^ 7(qj), Y(j> • 41* 
{XY)*Y4j is induced, and the composite 

(2) Mi % (XY.M, % {XYYX^)*Mu 4 {X^Y*^k 

agrees with for any sequence of morphisms 

(3) 
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in I, see |Has5[ (4.10)]. We call the collection ((A4i)jg/, (/ 90 ) 0 GMor(/)) the 
structure data of Ai. This data exactly determines M (not up to isomor¬ 
phisms). 

Conversely, if G Mod(Xi) for i E I, (3^ \ Homc)^(A4j, {X^)^Aij) for 
((): i ^ j, and the composite ([2]) agrees with for ([3]), then it is a structure 
data for a unique Ai G Mod(X). 

(2.8) Let / : A4 —)■ A/" be a morphism in Mod(X). Then /j : Aii —)■ A/) is 

a morphism in Mod(Xi) such that fi = o [3^ for each (p : i ^ j. 

Conversely, such a collection (/*) gives a unique morphism / ; A1 —)■ Af. We 
call (/j) the structure data of /. 

(2.9) Let 9 ? : X —)■ y be a morphism of /°P-diagrams of schemes, and A1 G 
Mod(X). Then the structure data of ip^Ai is as follows. ((f^Ai)i = ((fi)*Aii, 
and /3^((f^Ai) is the composite 



as can be seen easily from the direct computation (note that c is the identity 
map). 

( 2 . 10 ) Let / be a small category, X be an J°P-diagram of schemes, J be 
a subcategory of /, and Af G Mod(Xj). Then RjAf G Mod(X) is given by 
its structure data. {RjAf)i = \im{X^)^Afj, where the limit is taken over the 
comma category (i f J), see |Macl (IL 6 )] (it is if in |Has5] L Here, for a 
morphism : j ^ j' in {i f J) from (p : i ^ j to the map 



is the structure map. 

For a morphism (p ■. i ^ i' m. I, (3^ \ {RjAf)i —)■ {X^)^,{RjAf)i> is given by 


lii(((( (A',^)^A/) ^ (^X'lpffjPj^Afjf y (X'(^)^(A'^/)^A0^ 




for an object %p' ■. i' ^ j' in (F j, J). 

( 2 . 11 ) As in |Has5( Chapter 5,6], Rj is right adjoint to the restriction func¬ 
tor (?)j. The unit of adjunction m : Id —)■ Rj{l)j is given by the map AA.i —)■ 
^im^^(^^^)(X<^)*A4j induced by (3^ : Aii —)■ {X^)^AAj for each j. The counit 
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of adjunction e: : (7)jRj Id is the projection 

Mj = (Xidj)*Mj (thus if J is a full subcategory, then e is an isomorphism 
|Has51 (6.15)]). 

( 2 . 12 ) For a morphism f : X ^ Y and J C /, we have that (?)j/* and 
(/j)*(?)j are identical, and c : (?)j/* -)■ (/j)*(?)j is the identity. 


(2.13) Combining these, it is easy to describe the canonical isomorphism 

e : hRj ^ RjUj)* 

(see |Has51 (6.26)]) via the structure data. 

'■ {f*RjJ^)i —t {Rj{fj)*Rf)i 


is given by 

(/i)*]^(X<^)*A/)- = lm(/i)*(-^fl))*A/'j 4- l,im(y^)^(/,4A/',-. 

(2.14) Let G be an S'-group scheme, and h : Z' ^ Z an S'-morphism 
between S'-schemes on which G acts trivially. We denote the composite 
isomorphism 

h,(?f = ^ (?)-iR^„Bg(h), = (?)°t 

by e : K{?)^ (?)‘^4 as in |Has01 (7.3)]. (here Bq (h)* is abbreviated to be 

h*, by abuse of notation). By fl2.13p and the fact that c is the identity, we have 
that e is nothing but the canonical isomorphism from h^Kery —)■ Kerh^y. 
In particular. 

Lemma 2.15. Let the notation be as in fl2.14p . Then the diagram 


4(?)«^h,(?)o 

e c-i 

(?)Gh,^(?)o4 


is commutative. 


□ 


Corollary 2.16. Let h' : Z” —)• Z' and h : Z' ^ Z be a sequence of G- 
morphisms. Then the composite 


ihh'),{7f 4 44 (?)^ 4 4(?)^4 4 {7fhX ^ X (hh') 


agrees with e. 


□ 
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Lemma 2.17. Let I be a small category, J its subcategory, f : X ^ Y a 
morphism of 1°^-diagrams of schemes. Then the composite 

Rj ^ fJ*Rj A f^Rjf} A Rj{fj)J} 

is the unit map u. 

Proof. Follows easily from the commutativity of the diagram 


R.^ 


R.j{f.j\fj 


UR-jf] 




hrRj — fJ*R.j{fj)*f} — UrURjf} 

£ 

^ . t TD t* , 

-^ f*-ttjfj ^ 


id 


□ 


Lemma 2.18. Let G be an S-group scheme, and h \ Z' ^ Z an S-morphism 
between S-schemes on which G acts trivially. Then the composite 

{If A Kh*{lf 4 K{lfh* 4 {ifKh* 

is the unit map u. 

Proof. Follows easily from Lemma 12.171 and |Has51 (1.24)]. □ 

Lemma 2.19. Let S be a category, (?)* be a covariant symmetric monoidal 
almost pseudofunctor on S |Has51 (1.28)], and (?)* its left adjoint. Let 


(4) 



be a commutative diagram on S. Then the diagram 

c 


h*OY 

V 

h*(p^O 


Oy 

V 


X 


■f9*0 


X 




X' 


is commutative, where we use the notation in |Has51 Chapter 1]. 
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Proof. Prove the commutativity of the diagram 


h*OY -^ h*ipifOx ■ 



The details are left to the reader. 


□ 


(2.20) Let G be an S'-group scheme, and (p : X ^ Y a G-invariant mor¬ 
phism. Then the canonical map f] : Oy —t {<p*Ox)^ is nothing but the 
composite 

where 7 : Oy —t Oy is an isomorphism as Oy is G-trivial, and rj : Oy — >■ 
is the standard map. As 7 is a natural map, it is easy to see that the 
composite 

Oy \ {ip^Ox)‘^ ^ p*Ox 

is T]. 

Lemma 2.21. Let G be an S-group scheme, and (jl]) a commutative diagram 
of G-schemes such that G acts on Y and Y' trivially. Then 

1 The diagram 

(5) h*Oy - ^ - - Oy' 



h*{cp.Oxf — {h*^,Oxf — [p'^g^Oxf — {p'.Ox')^ 
is commutative. 


2 Assume that (jl]) is cartesian, ip is quasi-compact quasi-separated, h is 
flat, and G ^ S is quasi-compact quasi-separated. Then fj : Oyi —)■ 
is an isomorphism if and only if h*f] : —)■ h*{ip^,Ox)‘^ 

is an isomorphism. 
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3 In addition to the assumption of 2, assume that rj : Oy h^Oy and 
T] : Ox —^ g*Ox' are isomorphisms. Then fj : Oy {g^*Ox)'^ is an 
isomorphism if and only iff] : h^Oy —)■ h^{ip'^Ox')^ is an isomorphism. 

Proof 1. By fl2.4p . fl2.19p . and fl2.20p . the diagram 


h*Oy -h-^ Oy 



ih*cp,Oxf — {T:9*Oxf — {p^Ox'f 

is commutative. As 7 : is a monomorphism, the result 

follows. 

2. Note that e in ([5]) is an isomorphism by |HasOP (7.5)] (note that in 
[HasOl section 7], G is assumed to be flat, but this assumption is unnecessary 
in proving |HasOP (7.5)]). 0 in ([5]) is also an isomorphism by |Has5P (7.12)]. 
As the two G’s are isomorphisms, the result follows from 1. 

3 follows easily from 1, the proof of 2, Lemma [2. 181 and |Has51 (1.24)]. □ 

Corollary 2 . 22 . Let G be a quasi-compact quasi-separated S-group scheme, 
and Lf ■. X ^ Y an algebraic quotient by G. Then (p is a uniform algebraic 
quotient. 

Proof. Obvious by Lemma [2.211 2. □ 

Lemma 2.23. Let G be a quasi-compact quasi-separated S-group scheme, 
X an S-scheme on which G acts trivially, and A4 a locally quasi-coherent 
{G, Ox)-module. Then G Qch(X). Moreover, (7)^ : Mod(G,X) ^ 
Mod(X) preserves direct sums. 

Proof. Let p : G x X ^ X he the second projection. Then p* preserves 
quasi-coherence. So if XI is locally quasi-coherent, then the kernel Xi^ of 
Xio —)■ p*Xli is quasi-coherent. Moreover, p* : Mod(G x X) —)■ Mod(X) 
preserves the direct sums |Keml Theorem 8 ]. As the kernel also preserves 
the direct sums, (7)*^ preserves the direct sums. □ 
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(2.24) Let G be an S'-group scheme, and X an ^'-scheme on which G acts 
trivially. Then for Ai G Mod(G,X), we have 


r(X, M°) = \iomoJOx, 

V() = r(Zar(B"(X)),X), 

For A^jA/” G Mod(G, X), we denote Hom^ {M. , M) by Hom^o {M. , Af) , 

Bq (X) 

and Hom^ by Hotn.yc (AI.A/”). In particular, 

r(V,Hpmc,oyVl,A/')) “ r(Zar(B"(A')),Homo (Vl.V)) 

= Homo^^^^^(Af,A/'), 


which we denote by HomG^C)^(A4, A/”). 

3. Functorial resolutions 

Lemma 3.1. Let A he an abelian category, and assume that for each complex 
F G G{A), a K-injective resolution ip : F — )■ Ip is chosen. Then there is a 
unique functor I: K{A) —)■ iF-inj(Al), to the thick subcategory of K-injective 
objects, such that 1(F) = Ip for each F, and that i : Id —)■ jl is a natural 
transformation, where j : X-inj (A) K (Al) is the inclusion. 

We call such a pair (I, i) of a functor and a natural map a functorial 
K-injective resolution. Note that the dual assertion of the lemma is the 
existence of a functorial X-projective resolution. 

Proof. Let h : F —)■ G be a morphism in C'(Al). As ip is a quasi-isomorphism 
and 1(5 is X-injective, 


*;:X(Ip,I(5)^X(F,I(5) 

is an isomorphism. So it is necessary to dehne I(/i) to be ((ip)*)“^(iGh) to 
make i a natural transformation, and the uniqueness follows. 

The fact that I is a functor and i is a natural transformation with this 
dehnition is easy, and is left to the reader. □ 
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(3.2) Let C be a Grothendieck category. Then for each F G C'(C), the 
category of complexes in C, there is an injective strictly injective resolution 
ip : F —)■ I |Fra] . That is, % is a monomorphism and is a quasi-isomorphism, 
Ip is iL-injective, and Ip is an injective object for each i. Thus we have 

Lemma 3.3. Let C be a Grothendieck category. Then there is a functorial 
K-injective resolution ip : F —)■ Ip for F G K[C) which is a monomorphism 
for each F. □ 

Lemma 3.4. LetC he an abelian category, and (I, i) and (F,i') be functorial 
K-injective resolutions of C. Then there is a unigue natural isomorphism 
A : I — )■ F such that (jA) oi = i'. 

Proof. For each F G K{C), 

/L(C)(IF,I'F) 4 K{C){jW,jl'¥) ^ iF(C)(F, jl'F) 

are isomorphisms. □ 

(3.5) Let T be a triangulated category. A triangulated subcategory (see 
[Nee( Dehnition 1.5.1] for the dehnition) T' is said to be localizing if it is 
closed under small direct sums. For a set of objects (or a full subcategory) 
T of T, there is a smallest localizing subcategory Loc(J^) of T containing jF. 

(3.6) Let C be an abelian category which satishes the (AB3) condition. 
For n G Z, let C{C)<n be the full subcategory of C{C) of the category of 
complexes in C consisting of complexes F with F* = 0 for i > n. 

Lemma 3.7. Let if be a full subcategory of C closed under small direct 
sums. Assume that there is a pair ((5', f) such that ^ : C ^ if is a functor, 
and f : j'^ Id is a natural map which is epic objectwise, where j' ■. T ^ C 
is the inclusion. Assume also that (5^(0) = 0. Then 

1 For¥ G C{C)<n, there is a functorial resolution (0,0) such that 0(F) 
is in C{J^) n C{C)<n- 

2 There is a functorial inductive system 0n(F') of complexes, functorial 
on¥ E C{C), and a guasi-isomorphism g„ : 0n(F) —)■ F<„ such that 

a 0_i(F) = O; 
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b For n E Z, Sn ■ 'Sn-i(IF) is a semisplit epi {that is, 

s\ : 0„(F)* —)■ 0„_i(F)* is a split epimorphism for each i G Z); 

c ■= Kers„ is in C{iF) fl C(C)<„ for each n>0. 

3 If C satisfies the (AB4) condition, then there is a functorial resolution 
0 : 0(F) —)■ F, functorial on F e C{C) with 0(F) e Ob(Loc(J^')), where 
IF' is the full subcategory of K{C) whose object set is the same as IF. 

Proof. For 

F :-^ F* ^ F*+^ ^ • 

in C{C), let (^(F) be 

—^ (?(F*) 5(r+^) ^ . 


Note that 

= S(3p-‘3i) = m = 0 , 

since 0 : F* —)■ F*+^ factors through the null object 0, and hence (5^(0) : 
j5'(F*) ^ j5^(F*+^) also factors through the null object jj(0) = 0, and hence 
(5^(0) is the zero map. 

Let f(F) : 5(F) ^ F be the obvious natural map. It is an epic chain 
map. Let .h(F) := Kerf(F). Then dehning .h(O) := F, 0(m) := 
and .ft(m + 1) := .^(M(m)), we have a resolution 

• ■ ■ —^ 0(m + !)—)■ 0(m) 0(0) —)■ 0 


of F. 

Assume that F G C(C)<n for some n, and let 0(F) be the total complex 
of this resolution, and 0 : 0(F) ^ F be the canonical map. Then 0 is the 
desired resolution, and we have proved 1. 

2 is proved by the same proof as in [Spa 
thing here is functorial. 

3 This is proved similarly to (the dual assertion of) |BN1 Application 2.4], 

using 2. □ 


Lemma 3.3], except that every- 


(3.8) Let (X, C>x) be a ringed site with a small basis of topology B. For 
M G Mod(X), X E B and c G F(a;, A4), there corresponds a map 


(e(c) : Ox —!■ A4) G Homc)jj-(C>a;, A4) = Homc)^p(C>x|a:, A4|a,) = F(x, A4), 
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corresponding to c M). So 


f(A^) ^ e(c) : ^ ^ ^ M 

x^B 0^c€ir{x,A4) 

is an epimorphism, where each Ox,c is a copy of Ox, see jH^ (2.23), (3.19)]. 
Note that for y e X, T{y,Ox,c) = 0sGX(y,a:) ^(2/, C>x)c,s, where r(?/, C>x)c,s is 
a copy of r(j/, Ox)- Then f(A^) is the unique map such that 1 G r(a;, 0^c,u 
is mapped to c for each x and c ^ 0. 

Let h : —)■ A/" be a map in Mod(X). Then mapping 1 G r(x, Ox)c,u 

to 1 G r(x, C)x)/i(c),i3, if h(c) 7^ 0, and to 0 if h(c) = 0, we get a map 
5'(h) : 5^(A1) —)■ ^(Af) such that 5 : PM(X) —)■ QU is a functor, where QU 
is the full subcategory of PM(X) consisting of the direct sum of copies of 
Ox with X G X, and that f : ^ Id is a natural transformation, where 

j' : OH PM(X) is the inclusion. Moreover, (^(0) = 0. 

Lemma 3.9. Let (X, C>x) a ringed site with a small basis of the topology. 
Then there is an endofunctor ^ = dx '■ C'(Mod(X)) —)■ C and a functorial 
C-resolution f = fx : t Id, where C is the full subcategory o/C'(Mod(X)) 

whose object set is the set of strongly K-flat complexes |Hii5l (3.19)]. 

Proof. As Mod(X) is a Grothendieck category (so (AB5) is satished). Lemma 1X71 
and the discussion above are applicable. 

By dehnition. Ox is strongly iP-flat for x G X. Now 5(T) is strongly 
A-flat for F G C'(Mod(X)) by construction. □ 

4. The restriction and other operations on quasi-coherent sheaves 

(4.1) Let G' and G be flat S'-group schemes, and h : G' ^ G a. homomor¬ 
phism of S'-group schemes. Let Z be an S-scheme on which G acts. Then 
resg, : Mod(G, Z) —)■ Mod(G', Z) is dehned to be the inverse image functor 
Bff{ZY, see |Haslll (2.45)]. 

Lemma 4.2. res^, is a faithful exact functor from Qch(G, Z) to Qch(G', Z). 

Proof By |Has51 (7.22)], res§, is a functor from Qch(G,Z) to Qch(G', X). 
Then as functors from Qch(G, X) to Qch(X), we have (?)oreSg, = (?)o, 
where the left (?)o is from Qch(G', Z) to Qch(X), and the right (?)o is from 
Qch(G, Z) to Qch(X). As the both (?)o are faithful exact, res^/ is also faithful 
exact. □ 
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Lemma 4.3. If A4 G Qch(G', Z), then {LiTesQ,)A4 = 0 fori > 0, where 
denotes the ith left derived functor D{G, Z) —)• Mod(G", Z). 

Proof. By [HasSl (8.20), (8.21)], we have that (LjreSg,)Al is quasi-coherent. 
As the restriction functor (?)o : Qch.{G,Z) —>■ Qch(Z) is faithful and exact 
by [HasSl (12.12)], it suffices to prove that ((LjreSg,)Al)o = 0 for i > 0. But 
this is Li{idz)*Mo = 0, by [HasSl (8.13)]. □ 

Lemma 4.4. Let G G DqcYi^G, Z). Then G is (left) res q,- acyclic, in the 
sense that for any (or equivalently, some) K-flat resolution P —)■ G, the 
map res^, P —)■ res^, G is a quasi-isomorphism. In particular, L res^, G has 
quasi-coherent cohomology groups. If Z is locally Noetherian, G and G' are 
locally of finite type, and G has coherent cohomology groups, then res^, G has 
coherent cohomology groups. 

Proof. If G G Z1 q^j^(G, Z), then the assertion follows from Lemma [4.31 Con¬ 
sider the general case. From the bounded-above case, it is easy to see that 
the resolution g : 0(G) —)■ G in Lemma [3.71 is a iF-flat resolution such that 
resg, g is a quasi-isomorphism. □ 

(4.5) Now we can prove that the (derived) restriction is compatible with 
most of basic operations on sheaves. For the notation, see [HasSj . 

Lemma 4.6. Let f : (X, (9x) —t (Y, Oy) he a morphism of ringed sites. 
Assume that for each x E X, the category (lf,)°'^ (see [Has5[ (2.6)]) is fil¬ 
tered (that is, connected and pseudofiltered, see [Mill Appendix A]). Then 
the canonical map 


A: r(M M) -E fM rM 


( 6 ) 


is an isomorphism for any A4,J\f E Mod(Y), and the canonical map 


( 7 ) 


A : LffiW 0^^ G) ^ L/*F 0^^ L/*G 


is also an isomorphism for F, G G D(Y). 

Proof. First consider the corresponding map of presheaves 


( 8 ) 


• fpuiAi 00^ Af) -E’ /pM-^ fpuAf 
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for A^,AA G PM(Y). Then the map between sections at x G X is 

Ih^ r(x,C>x) ®r(y,OY) (r(|/, A^) ^T{y,OY) r(l/,-AA)) ^ 

(Ih^ r(x, Ox) ®v{y,OY) r(2/, M)) ®r(x,Ox) ( r(x, Ox) ®r(y,OY) r(2/, M)), 

x->-fy x->-fy 


which is an isomorphism by the assumption that is filtered. Thus ([H]) 

is an isomorphism. 

Now consider Ai,Ar G Mod(Y). It is not so difficult to show that the 
diagram 


afigM 0?,, gM) - ^a(fqM 0', fgN) 


u 


wSiu 


af*qa{qM qM) a{qaf*qM qaf*qM) 


is commutative. The top horizontal arrow is an isomorphism by the argument 
for presheaves above, and the vertical arrows are isomorphisms by |Has51 
(2.18), (2.34)]. Thus the bottom horizontal arrow, which agrees with the 
map ([6]), is an isomorphism. 

Now consider F, G G D{Y). Take strongly iP-flat resolutions P —)■ F and 
Q —)■ G. Then the map (I7j) is nothing but the composite 


L/*(F 0^^ G) ^ L/*(P 0^^ Q) ^ /*(P 0o, Q) 

A /*P 0o* /*Q = T/*F 0^^ L/*G. 

The second isomorphism comes from the fact that P 00 ^ Q is i^-flat |Has5( 
(3.21)]. The last isomorphism comes from the fact that /*P and /*Q are 
strongly ii"-flat |Has51 (3.20)]. Being the composite of isomorphisms, ([7]) is 
an isomorphism. □ 

Lemma 4.7. Let J be a small category, and : X ^ Y a morphism of J°^- 
diagrams of schemes. Let f = : Zar(Y) —)• Zar(X) be the corresponding 

functor between sites |Has51 (5.3)]. Then for each {j,U) G Zar(X) {where 
j E J and U G Zar(Xj)), the category {l(ju))°^ [Hash! (2.6)]) is filtered. 

Proof. Left to the reader. □ 
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Lemma 4.8. Let F, G G D{G, Z). Then the canonical map 

A : Lresg/(F G) (Lres^/ F) (Lres^/ G) 

is an isomorphism {Note that the in the left {resp. right) hand side is 
an abbreviation for <Z)n {resp. Z>n ))■ 

Proof. By Lemma [4.71 Lemma [4.61 is applicable. □ 

Corollary 4.9. Let A4 and M be objects in Qch.{G, Z). Then 
resg, TorP ^ {N4, J\f) = TorP ^ (res^, M , resp, Af). 

□ 

Lemma 4.10. Let X be locally Noetherian, and G be locally of finite type. 
Let F G Dfi^^{G, Z) and G G Dfj^^{G, Z). Then the canonical map 

(9) L resp, R Hom^o ^ (F, G) —)■ R Hom^o ^ {L resp, F, L resp, G) 

is an isomorphism. 

Proof. By Lemma 14.41 and |Has51 (13.10)], the two complexes have quasi- 
coherent cohomology groups. So in order to prove that the map is an iso¬ 
morphism, we may discuss after applying the functor (?)o. By [HasSl (8.13)], 
the canonical map 

0:L(id^)(?)o^(?)oresp, 

is an isomorphism. So the map ([9|) applied (?)o is identihed with 
Hq : (i? Hom,p ^(F, G))n —)• i? Hom,p ^(Fn, Gn). 

It is an isomorphism by jH^ (13.9)]. □ 

Corollary 4.11. Let M. G Coh(G, Z) and M G Qch(G, Z). Then we have 
resp, (M, AA) = (’^esp, M, resp, M). 

□ 

Lemma 4.12. Let g : Z' ^ Z be a concentrated {that is, quasi-compact 
quasi-separated) G-morphism of G-schemes. Then the canonical map 

9 : L resp, i?/*F —)■ Rf^L resp, F 

is an isomorphism for ¥ G DQch{G, Z'). 

Proof. As the complexes have quasi-coherent cohomology groups by |Has5( 
(8.7)] and Lemma 031 we may discuss after applying the functor (?)o, and 
the rest is easy. □ 
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(4.13) Let V <Z U (Z Z he G-stable open subsets. Assume that the inclu¬ 
sions f : U ^ Z and g : V ^ U are quasi-compact. For F G DqchiG, Z), 
there is a commutative diagram 


( 10 ) 


L resg, R Tuy F —- 
R^uy L res§, F —- 


Lresg, RfJ*¥ — 
<m 

RfJ*Lies%¥ — 


Lresg, Rf^Rg^g*f*¥ 
ddee 

Rf*Rg*g*f*L resg, F 


whose rows are distinguished triangles by |HasOt (4.10)]. Then, as the de¬ 
rived category is a triangulated category, 

6 : L resg/ R Huy F —)■ i? F^ ^ L res^/ F 

which completes fITU]) as a map of triangles. As d6 and dd66 are isomorphisms 
by Lemma [4.121 S is an isomorphism by jHirtl (1.1.1)]. 

We can make 6 functorial on F. Fix a functorial strictly injective resolu¬ 
tion F —)■ If (in the category KQch{G, Z)) as in section[3l Then the composite 

Lresg, Rruy¥ = resg/F^y Ip = resg, Cone(M : /*/*If -t 

= Cone(u : /*/* resg^ If -t f*g*g*f* resg/ If)[-1] = RLuy F 

is the desired functorial <5. 

In conclusion. 

Lemma 4.14. There is an isomorphism 

6 : L resg/ RTuy F —)■ RTjjy L res^/ F 
which is functorial on F G DQch_{G, Z), the diagram 


,5 

RHuy ^ 


c-Rhr 


CRf^Rg^g*f* 


de 


ddee 


RfJ*C^Rf,Rg,g*rC 


RRLuyi^] 

m 

RHuy 


is commutative, where C = Lres^/, and the diagram 


{l)oCRTuy F {^hRTjjy F RV^y Fo 



{l)oRTuy £F^ RVuy{l)oC¥ 
is also commutative. 
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Proof. Follows easily from the construction above. 


□ 


Lemma 4.15. Let h ■. G' ^ G be a homomorphism of S-group schemes. 
Let X he an S-scheme with a trivial G-action. Then for Ai G Mod(G,X), 
C = (res§, M)^' . If h is faithfully fiat, then . 

Proof. Let p (resp. p') be the second projection G x X —)■ X (resp. G' x X —)■ 
X). Then is the kernel of the map 

i . h6Q~t^5i . . 

A4 — - >p^Aii. 

As p' = p{h X 1), Ai^' is the kernel of the map 

Ai ^ p,{h X l),(h X l)*Xf 1 . 

So C If h is faithfully flat, then p^u is a monomorphism, and 

hence AA^ = Ai^'. □ 

(4.16) Let h : G' —)■ G be a homomorphism between flat S'-group schemes 
of hnite type, and X a Noetherian G-scheme with a G-dualizing complex Ix- 

Lemma 4.17. Lres^, Ix is a G'-dualizing complex of X. 

Proof. Follows easily from |Has5t (8.20)] and |Has5[ (31.17)]. □ 

(4.18) By abuse of notation, we will sometimes write the G'-dualizing com¬ 
plex resg, Ix by Ix or Ix(G'). 

5. Groups with the Reynolds operators 

(5.1) Let G be a flat quasi-compact quasi-separated S'-group scheme, and 
Y an S'-scheme on which G acts trivially. Let 7 = 7 G,y : (V)*^ —)■ Id be the 
inclusion between the functors from Qch(G, X) to itself (although (7)*^ is a 
functor from Qch(G,X) to Qch(y), we regard Ai^ as a trivial G-module, 
and then (7)*^ can be viewed as a functor from Qch(G, X) to itself. So 7 in 
fl2.ll) is 7 o here. This abuse of notation does not cause a problem). 

We say that G has a functorial Reynolds operator on X if there is a 
natural transformation p = pg,y '■ Id —)■ (7)*^ such that p'y = id. The natural 
map p (or sometimes 91 := 7 p) is called the Reynolds operator of G on X. 
Note that 91^ = 91. 
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(5.2) Let G, Y be as above, and assume that G has a Reynolds operator 
on Y. For M G Qch(G, F), we dehne Ug{M) = Keipc^^M.) = Im(id — 
IH), and call it the anti-invariance of Ai. We say that Ai is anti-trivial 
if Ug{M.) = M., or equivalently, M.'^ = 0. If M.,N G Qch(G, F), and 
AA. is anti-trivial and Af is trivial, then Homc.Oy(Wl, A/”) = 0. Indeed, if 
h G Homec)y(Ad,A/”), then h = Tlh{id — TZ) = hTl{id — TZ) = 0. Similarly, 
we have Home (A/*, Ad) = 0. 

(6.3) Note that Ug{AA) is the sum of all the quasi-coherent submodules Af 
of Ad such that Af^ = 0, and is determined only by G, F, and Ad, and is 
independent of the choice of p. As the Reynolds operator p is the projection 
with respect to the direct sum decomposition Ad = Ad*^ © Ug{AA), it is 
unique, if exists. So 91 is also unique, if exists. 

Definition 5.4. We say that an S'-group scheme G is Reynolds, if G is flat 
quasi-compact quasi-separated, and for any affine open subscheme U of S, 
the Reynolds operator of G on U exists. 

Lemma 5.5. Let G be a flat quasi-compact quasi-separated S-group scheme, 

Y an S-scheme on which G acts trivially, and U its open subset. If G has 
a Reynolds operator on Y and if the inclusion j : U ^ Y is quasi-compact, 
then G has a Reynolds operator on U. 

Proof. For Ad G Qch(G, U), dehne pg,u '■ Ad —)■ Ad*^ to be the composite 
AA^fj^M ^nifj.Ai^fUZfAi 4 (7fA4. 

It is easy to see that this is the identity map on Ad*^. □ 

Corollary 5.6. Let G be a flat quasi-compact quasi-separated S-group scheme. 
Assume that G has a Reynolds operator over S, and S is quasi-separated. 
Then G is Reynolds. □ 

Lemma 5.7. Let G be a flat quasi-compact quasi-separated S-group scheme, 

Y an S-scheme on which G-acts trivially, and assume that G has a Reynolds 
operator on Y. Then 

1 and Ug are exact functors on Qch(G,F) which preserve direct 

sums. In particular, HflG,AA) = 0 for Ad G Qch(G,F) and i > 0, 
where HflG,7) = Rlifl)^, the derived functor of the functor Q,ch.{G,Y) —)■ 
Qch(F) {not a functor from Mod(G,F)). 
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2 The full subcategory of the G-trivial quasi-coherent (G, Oy)-modules is 
closed under extensions and subquotients. Similarly for the full subcat- 
eqory of G-anti-trivial quasi-coherent {G, Oy)-modules. 

Proof. 1 As we have Id = (fl)^ Q) Uq, we have that both (7)‘^ and Uq are 
exact. Let be a family of objects in Qch(G, V). Then we have 

(11) 0M = (0V(f)@(0f/G(V(i)). 

i i i 

As (?)^ is compatible with the direct sum by Lemma 12.231 we have that 

and hence 0A^f is G-trivial. As 
(0i UciMi))^ = UGiMi)^^ = 0 , we have that 0 UciMi) is anti-trivial. 
So by the decomposition jnii. we have that e.AI? = mM.f and 
©.(7g(M) = (7g(©.V(.). 

2 follows easily by the hve lemma and 1 . □ 

Lemma 5.8. Let the notation be as in Lemma IHTl Assume that Y = Spec R 
is affine. If V is a G-trivial R-module and M is a G-module, then (V <Yir 
M f = V®rM^ and Ug{V ®rM)=V ®r Ug{M). 

Proof. There is a G-trivial free i?-module F and a surjection F ^ V. Then 
F®rM'^ is a direct sum of copies of as a (G, i?)-module, and hence it is 
G-trivial. Being a homomorphic image of F 0^ V 0r is G-trivial. 
Similarly, F <S)r Ug{M) is G-anti-trivial, and hence so is V <Yir Ug{M). As 
we have the decomposition 

V ®rM = V ®rM^ ®V ®R Ug{M), 

we must have (V = V and UGiV® rM) = V®rUg{M). □ 

Lemma 5.9. Let the notation be as in Lemma [5.81 Let R' be an R-alqebra 
{on which G acts trivially), and set h : Y' = Speci?' —)■ Speci? = Y be the 
associated map. Then 

1 G also has a Reynolds operator on Y'. 

2 {7)'^h^: and UgK are canonically identified with and L^Ug, re¬ 

spectively. 

3 Kpg,y' = PG,y^*- 
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4 (7)^h* and Uch* are canonically identified with h*(fi)‘^ and h*UG, re¬ 
spectively. 

5 For a {G,R)-module M, the diagram 


M- 

p 


Vm 


Ff M 






R’ (^R ^ {R' ®R M) 


G 


is commutative. 

Proof. Let M be a (G, i?')-module. Then we can decompose M = 0 

Ug{M) as (G, i?)-modules. On the other hand, As R' <^r is G-trivial, it 
is mapped to by the product om ■ R'®rM —)■ M. Similarly, R!®rUg{M) 
is mapped to Ug{M). Hence and Ug{M) are (G, i?')-submodules of M, 
and the decomposition M = M'^ © Ug{M) shows 1, 2, 3. 

Next, let M be a (G, i?)-module. Then by Lemma 15.81 R' <S>r is 
identified with (i?' M)^. As a (G, i?)-module, Ug{R' M) is identified 

with R' <^R Ug{M). However, by 3, this is an identification also as {G,R')- 
modules. Now 4 and 5 are clear. □ 

Lemma 5.10. LetG be a flat quasi-compact quasi-separated S-qroup scheme, 

Y an S-scheme on which G acts trivially. Let Y = {j^Ui be an affine open 
covering such that G has a Reynolds operator over Ui for each i. Then for 
any Y-scheme Y' [with a trivial action), G has a Reynolds operator. 

Proof. First, we prove that G has a Reynolds operator on Y. Let C = Zar(H), 
and let V be the full subcategory of C consisting of affine open subsets W of 

Y such that W (Z Ui for some i. For W E V, G has a Reynolds operator on 

W by Lemma 15^ So defining p : Al|x) —^ by 

r{w,M\v) = r{w,M\w) ^ r(hF, {M\w)^) 

y\t[W,[M^)\w) = T[W,M^\v), 

we get a functorial splitting of i : -> A1|d by Lemma 15^ 4, 5. As 

the restriction from C to "D gives an equivalence Sh(C) —)■ Sh(P) by [HaslH 
(4.6)], there is a unique splitting p : AT —)■ of i : —)■ AT in Sh(C) 

whose restriction to Sh('D) is p. By the uniqueness, it is easy to see that the 
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restriction of p to each Ui is a Reynolds operator, and hence p is a morphism 
in Qch(G', Y), and p is the Reynolds operator of G on Y. 

Next, let h : y' —)■ y be a y-scheme. Then for each affine open subset 
W of Y' such that h{W) C Ui for some i, G has a Reynolds operator over 
W. Such W covers Y', and hence Y' has a Reynolds operator by the hrst 
step. □ 

Corollary 5.11. Let G be aflat quasi-compact quasi-separated S-group scheme. 
If G is Reynolds, then for any S-scheme Y with the trivial G-action, G has 
a Reynolds operator over Y. 

Lemma 5.12. Let G be a Reynolds S-group scheme, and h : Y ^ S a 
morphism. Then we have the following. 

0 The base change Gy = Y XgG is a Reynolds Y-group scheme. 

1 The canonical map e : h*{7)^ —>■ {l)^h* (see fl2.3p i is an isomorphism 
between functors from Qch(G, S) to Qch(G, y). The composite 

Idh* = h* = rid ^ hfllf 4 (Ifh* 

agrees with pg,y . 

2 Let h be quasi-compact quasi-separated. Then the composite 

Hr = r = rid ^ K(if 4 (ifK 

is Pg,s- 

3 Let V G Qch(S') be G-trivial, and A4 E Qch(G, S'). Then 1 ® 7 : 

-E- V 0 M is a monomorphism, and it induces an isomorphism 
7 ' onto (V Ai)^. The composite 

V®M V < 8 ) 4 (V < 8 ) Mf 

is Pg,s- Let 5 : Ug(A4) -e Ai be the inclusion. Then 1 0 h : V 0 
UgIAI) —)■ V 0 AI induces an isomorphism 5' : V ®UG(Ai) —)• UGiV® 

M). 

4 Let A4,Af E Qch(G, S), and assume that Ai is trivial and Af is anti- 
trivial. Then Hom^ ;p„(Al, AA) = 0 = IIom^_(^g(A/', Al). 
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5 LetV G Qch(G, S') he G-trivial, andM. G Qch(G, S'). Then Hom^o „ (V, 

is G-trivial, and (V, 1/g(M)) = 0. In particular, 

Homn AV.M^) -G Yiom.n AV,M) 

is an isomorphism onto Hom^o ^fV, . If, moreover, Hom^o ^fV, A4) 
is quasi-coherent, then 

Homc,^(V,f/G(-M)) ^ Homc,^(V,7W) 
is an isomorphism onto A^)). 

6 LetV G Qch(G', S') beG-trivial, andM. G Qch(G, S'). Then Homro „ {M^, V) 

is G-trivial, and I{.OYn.n rMUa{M), V) = 0. In particular, the monomor¬ 
phism Pq^ : Yjorcvn AM^, V) —)■ Yjorn^ AM, V) is an isomorphism onto 
Homc»g(A^, V)*^. If, moreover, YjoYiirn AM, V) is quasi-coherent, then 
the monomorphism qQ g : YjoYiirn AUaiM), V) —)■ V) is an 

isomorphism onto Un ( Hom^ n„ (M , V)). 

Proof. 0 is trivial by Corollary 15.111 

1 We prove that e is an isomorphism. The case that h is an open immer¬ 
sion (from a snfficiently small affine open snbset) follows from Lemma [5.101 
The case that both Y and Y' are affine follows from Lemma [531 The general 
case follows from these, nsing Corollary 12.51 

The latter part is obvions, because the composite map is the identity on 
{7)'^h* by Lemma [231 

2 is proved similarly to 1. 

3 As V ( 8 ) M^ is G-trivial, it suffices to show that V < 8 ) Ug{M) is anti-G- 
trivial. This is checked locally, and we may assume that Y is affine. Then 
this is Lemma [5.81 

4 It suffices to show that }lovsiG,Oui.Ai\u,N'\u) = 0 = HomG,c)j^(A/'|; 7 , AT It/) 
for any affine open subset U. As AT 1;/ is trivial and J\f\u is anti-trivial. This 
is checked in (15.21) . 

5, 6 follow from 4. □ 

Lemma 5.13. Let G be a Reynolds S-group scheme. Let B be a quasi- 
coherent {G, Os)-algebra, and A = . Then the Reynolds operator pG,s ■ 

B ^ A is {G, A)-linear. In particular, A is a direct summand subalgebra of 

B. 
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Proof. Set Y := Spec^^. Then pg,s is identified with pcxi which is A- 
linear. □ 

Example 5.14. Let S = Specfc. We say that an affine algebraic fc-gronp 
scheme G is linearly rednctive if any G-module is completely redncible. In 
this case, for a G-modnle M, letting Ug{M) to be the snm of all the nontrivial 
simple G-snbmodnles, we have a decomposition M = © Ug{M) of G- 

modnles. When we set p : M —)■ M'^ to be the projection with respect to 
this decomposition, we have that p is a Reynolds operator. Conversely, if G 
is an affine algebraic fc-gronp scheme which is Reynolds, then G is linearly 
reductive. Assume the contrary. Then there is a non-semisimple G-module 
V. Let W be its socle. Then we have that VjW 7 ^ 0, and there is a simple 
submodule E of V/W. Then 0 = H\G,E* ® W) ^ Ext^(E,iy) 7 ^ 0, a 
contradiction. 

Example 5.15. Let i? be a commutative ring, and El a fiat commutative 
R-Hopf algebra. We say that H is Reynolds if there is a decomposition 
H = R ® U as an R-coalgebra, where R denotes the image u{R) of the 
unit map u : R ^ H. Then for any if-comodule M, the decomposition 
M = © ind^ M is functorial, and so letting Ug = ind^, we have that 

G = Spec H has a Reynolds operator over S = Spec R. Hence Gy is Reynolds 
for any R-scheme Y. Conversely, if G has a Reynolds operator on S, then 
the right regular representation H is decomposed as H = R (B U, where 
U = Ug{H). As f/ is a right subcomodule, A(f/) <Z U ® H. Letting G 
act trivially on U and right regularly on iL, U ® H is a. G-module, and 
A U —)■ f/ © R is G-linear. So 

A{U) C Ug{U®H) = U®U 

by Lemma 15^ Being a direct summand of H, U is a subcoalgebra of H, and 
R = R © R is a decomposition as subcoalgebras, and hence R is Reynolds. 

Example 5.16. Let G be a finite group of order n, and R = Z[n“^]. Then 
p = n~^ 'n,g^G 9 ^ ^ central idempotent of RG such that gp = p = pg 

for g ^ G, where RG is the group algebra. Then we have a decomposition 
of bimodules RG = p{RG) © (1 — p){RG). So we have a decomposition of 
R [G] -bicomo dules 

R[G] = (RG)* = (p(RG))* © ((1 - p)(RG))* = pR[G] © (1 - p)R[G]. 
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As e : pRG —)■ i? is an isomorphism (since e{p) = 1), pR[G] = R, and G 
is Reynolds. The Reynolds operator p is the action of p, and the element 
p G RG is also called the Reynolds operator. 

Example 5.17. Let A be an additive abelian gronp, and R a commntative 
ring. Then the gronp ring RK = ^ Hopf algebra, letting each R 

(A G A) gronp-like (that is, A(t^) = R®R). Then as RK = R®{@x^qR-R), 
RA is Reynolds. If A = Z®, then G = SpecRA is a split torns (of relative 
dimension s), and G is Reynolds. 

(5.18) Let Y be an S'-scheme, and G an S'-gronp scheme. Let k be an in- 
hnite regnlar cardinal snch that S, G, and Y are ^-schemes IHaslll (3.11)]. 
As in [Haslll (3.14)], we denote the fnll snbcategory of the category of Y- 
schemes consisting of K-morphisms by (Sch/R)^. We call a presheaf on 
(Sch/R)^ a R-prefaiscean. We denote the strnctnre presheaf of ( Sch/ R)„ 
by O. For an Oy-module AA (in the Zariski topology), we denote the 
associated R-prefaiscean by A4a- That is, A4a is the (9-modnle given by 
r(h : Z —>■ Y,AAa) = T{Z,h*M). For an C>y-modnle Ai, the R-prefaiscean 
of gronps Z i—)■ End^^ F(R, AIq)^ is denoted by GL(A4), and called the 
general linear group of AA. 

(5.19) Let {AA,(j)) be a G-linearized Oy-modnle. Then for any S'-scheme 
W, y & Y{W) and a,/3 & G{W), the composite 

{aPy)*M WyRM y*M 

agrees with {a(3,y)*(f), see |MnFK( (1.3)]. 

(5.20) Assnme that the action of G on R is trivial. Then we denote 
(q!,p)*0 : y*AA —)■ y*AA by h{a). Then by the argnment above, h{a)h[(3) = 
h{al3), and we get a homomorphism between R-prefaisceanx of gronps h : 
Gy —)■ GL(AA), where Gy is the restriction of G to (Sch/R)^. For a given Gy- 
modnle AA on an S'-scheme R with a trivial G-action, giving a G-linearization 
0 and giving a gronp homomorphism Gy —?• GL(AA) are the same thing. AA 
is qnasi-coherent if and only if B F(SpecA, Ala) —^ F(SpecR, Ala) is an 
isomorphism for any morphism of the form SpecR —?• Spec A in (Sch/R)^. 

(5.21) If G is S'-flat, then we modify the constrnction above, and we con¬ 
sider the fnll snbcategory £ of (Sch/R)^ consisting of flat R-schemes. If A1 
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is a G-equivariant module on Y (in the Zariski topology), then we get a ho¬ 
momorphism h : Gy —^ GL(M) of prefaisceaux of groups on ( Sch/ Fl^. By 
restriction, we get h : G\£ GL{Ai)\£. As G is flat, it is easy to see that 

giving such a homomorphism is the same thing as to give a G-linearization 
on M. 

(5.22) Let G be S'-flat, A4 a G-equivariant module on Y, and Af its Oy- 
submodule. Although Afa may not be a submodule of AAa, we have that Afals 
is a submodule of AAals by flatness. 

Lemma 5.23. Let the notation be as above. ThenAf is a (G, Oy) -submodule 
of AA if and only if for each object U in 8 which is an affine scheme, V{U,Afa) 
is a G{U) -submodule of T{U, AAa) ■ 

Proof. The ‘only if’ part is trivial. We prove the ‘if’ part. 

Let U be any affine open subset of G x F. Then U ^ G x Y ^ Y 
lies in 8 and U is affine, where j is the inclusion, and p 2 is the second 
projection. Let g G G\s{U) be the map pij : U ^ G, where pi : G xY —)■ G 
is the hrst projection. The action of g on T{p 2 j : U — )■ Y,AAa) is induced by 
j*(f) : j*p 2 AA — j*P 2 AA, where 0 is the linearization of AA. 

By assumption, the actions of g and g~^ preserve the submodule T{p 2 i : 
U —>■ Y,Afa)- As U is arbitrary, p^Af is preserved by the linearization 0 and 
its inverse 0“^. Hence W is a G-equivariant submodule. □ 

Lemma 5.24. LetG be a flat quasi-compact quasi-separated S-group scheme, 
Y an S-scheme on which G acts trivially, and A4 a quasi-coherent (G, Oy)- 
module. Then {AA'^)a\£ is an O-submodule of AAale given by 

T{W, (A4^)a) = {me r(W,A4a) j gm = m tn r(W',AAa) 

for any morphism W' —)■ IT in 8, and any g G G(1T')}. 

Proof. First we prove the assertion for W = Y. Then the left-hand side is 

{m G T{Y,AA) I gom = m in r(G x Y,AA)}, 

where go G G(G x Y) is the hrst projection. So the right-hand side is 
contained in the left-hand side. On the other hand, if h : W —)■ T is any 
morphism in 8, then for any g G G(IT'), we dehne 0^ : W —)■ G x T by 
(^f, h). Then by dehnition, g = fl>g{go)- So if gom = m in r(G x Y,AA), then 
gm = m in V{W', AA), and the equality was proved. 

Next consider general W & 8. Then replacing Y \yy W using 
(7.5)], the problem is reduced to the case Y = W, and we are done. □ 
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Proposition 5.25. Let f : G ^ H be a quasi-compact quasi-separated 
flat homomorphism of S-group schemes with N = Ker/. Then for M G 
Qch(G,F), is a quasi-coherent {G^Oy)-submodule of M.. 

If, moreover, N is Reynolds, then is also a quasi-coherent (G, Oy)- 

submodule of Ai. In particular, the Reynolds operator p^y ; M ^ zs 
(G, Oy) -linear. 

Proof. Although the first assertion can be proved in the same line of [Has 11 
(6.18)], we give a new proof. 

For the first assertion, in view of Lemma 15.231 and Lemma [5.241 it suffices 
to show that for each flat morphism h : W ^ Y and any morphism h' : W —)■ 
W such that hh' is flat, m G T(W, (Al‘^)a), g G G{W), and n G G(W'), 
we have that ngm = gm in T{W', Ada)- As N is normal in G, ngm = 
g{g~^ng)m = gm. As the quasi-coherence is trivial, the first assertion has 
been proved. 

Assume that N is Reynolds. Let W = Spec A — )■ R be an object of S 
such that W is affine, and g G GfW). Set U = V{W,UN{Ai)a)- We claim 
that gU is an (A^, A)-submodule of M := V{W, Aia)- In order to show this, 
it suffices to show that for any flat K-morphism W = Spec A' —)■ W and 
n G N{W'), we have n{{gU) A') C (gU) <^a A' in M A'. This is clear, 
since 


n{gu ® a') = g{{g ^ng){u ® a')) G g(l/ 0^ A') = (gll) 0^ A' 
for M G t/ and a' G A'. 

Next, we prove that {gU)^ = 0. Assume the contrary, and take u E U\0 
such that for each flat k- morphism W —?• W and n G N{W'), ngu = gu. 
Then nu = g~^{gng~^)gu = g~^gu = u, and hence u G UnM^ = 0, and this 
is a contradiction. Hence {gU)^ = 0. That is, gll C U. By Lemma [5.231 we 
have that [/^{Ai) is a G-equivariant submodule. Quasi-coherence is trivial. 

The last assertion is clear from the fact that the decomposition Ai = 
Ai^ © is that of a (G, Gy)-module. □ 

Lemma 5.26. LetG be aflat quasi-compact quasi-separated S-group scheme, 
and X a G-scheme. Then Qch(G,X) is a Grothendieck category. 

Proof. In view of |Has51 (11.5)], it suffices to show that Qch(X) is Grothendieck. 
This is Gabber’s theorem [Gonl (2.1.7)]. □ 
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Lemma 5.27. Let S be a scheme, and G a Reynolds group over S. Let Y 
be an S-scheme on which G acts trivially. Let X be an injective object of 
Qch(F). Then X viewed as an object 0/Qch(G, F) {formally res^X) is an 
injective object. 

Proof. Set ff := res^X. Let i : jj ^ M. he a. monomorphism in Qch(G, Y). 
By Lemma 15.261 we have that Qch(G', Y) has enough injectives, and hence 
it suffices to show that i splits. As we have that JT” = the image of i 
is contained in As is a direct summand of Ad, it suffices to show 

that i ■. J ^ Ai^ splits. Note that (?)o : Qch(^(G, F) —)■ Qch(F) and res^ : 
Qch(F) —>■ Qch(^(G', F) are quasi-inverse each other, where Qch(^(G, F) is the 
category of G-trivial objects in Qch(G, F). So it suffices to show that X ^ 
Ai^ splits in Qch(F). This is obvious, since X is injective by assumption. □ 

Lemma 5.28. Let f -. G ^ H be an fpqc homomorphism of flat S-group 
schemes with N = Kerf. Assume that N is Reynolds. Let Y be a locally 
Noetherian G-scheme on which N acts trivially. Let F G D^^^{G, F) and 
G e D+^^{G,Y). If for each i e Z, H^{¥) = Un{H^{¥)) and H^{G) = 
H^{G)^, then {¥,G)^ = 0 for i e Z. 

Proof. Note that the full subcategory Coh7v(G, F) (resp. Un{G,Y)) con¬ 
sisting of A^-trivial (resp. A^-anti-trivial) coherent (resp. quasi-coherent) G- 
modules forms a plump subcategory (that is, a full subcategory which is 
closed under extensions, kernels, and cokernels) of Mod(G,F). So we may 
assume that ¥ = Ai and G = M are single coherent sheaf and quasi-coherent 
sheaf, respectively, by the way-out lemma [Hart] . 

Note that ExtL ^ {Ai^M)^ = 0 if and only if 

(re4(Ex!i (XW)))« = Exii (resgX.resgV)" = 0 

by Corollary 14.111 Set Ai' := res^ Ad and H' := resfAf. 

Let 0 —)■ A/"o —)■ I be an injective resolution in Qch(F). Then applying 
Lemma 14.21 Lemma 15.271 and |Has51 (15.2)], we have that 0 —)■ res^^A/jj —)■ 
res^^ I is an Hom^n ^ (Ad', ?)-acyclic resolution. By assumption. A/"' is of 

the form res^^ C for some C G Qch(F). Then res^^ A/]] = res^^ C = A/"'. So 

ExtL (Ad', A/"')'^ is a subquotient of Borneo (Ad',P)^. This is zero 
- ‘-’bM(yA _ ’ ' ^ - ^bM(yA ^ 

by Lemma [5.121 4. □ 
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Lemma 5.29. Let G be a Reynolds S-group scheme, and ip : X ^ Y an 
algebraic guotient by G. Then ip is a universal algebraic guotient. If, more¬ 
over, ip is an affine universally submersive geometric guotient, then ip is a 
universal geometric guotient. 

Proof. Let : F' —)■ F be an S'-morphism between S'-schemes on which 
G acts trivially, and consider the fiber square (jl]) in Lemma 12.191 As (p 
is affine, 9 : h*(p^,Ox —^ is an isomorphism. Now the first assertion 

follows from Lemma [2.2 11 1 and Lemma [5.121 1. The second assertion follows 
immediately. □ 


6. Base change of twisted inverse 


Lemma 6.1. Let 

( 12 ) 



be a fiber sguare of schemes. Assume that (p is guasi-compact guasi-separated. 
Then the following are eguivalent. 


1 Lipman’s theta 9 : Lh*Rip^ —)■ Rip'^Lg* between the functors DQci,{X) 
DqctiY') (cf. lLip\ (3.9.1), (3.9.2)]) is an isomorphism. 


2 The sguare is tor-independent in the sense that for each x G X and 
y' G Y' such that p>{x) = h{y') = y G Y, ToTf'^’^{Ox,x, ^Y',y') = 0 for 
i > 0. 


Proof. As the question is local both on Y and Y', we may assume that both 

ra (3.10.3)]. □ 


Y and Y' are affine. This 


case IS 


(6.2) Let / be a small category, and (IT^ be a tor-independent fiber square 
of /“^-diagrams of Noetherian schemes such that Lp ■. X ^ Y is proper. By 
Lemma 16.11 Lipman’s theta 9 : Lh*Rip^ —)• Rp>',^Lg* is an isomorphism (be¬ 
tween functors from ZlLqc(-^) ^ -DLqc(^0- Then we define ((a) : Lg*(p'^ —)■ 
{ip')^h* as the composite 


Lg*ip^ A {ip'YRip',Lg*ip^ ^ [ip'YLh*Rtp^tp^ 4 [ip'YLh* 


(cf. (19.1)]). 
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Lemma 6.3. Let 


(13) 


X"-^X'-^X 


ip" cj' ip' O- p 


' ' 



he a commutative diagram of schemes. Assume that a is a tor-independent 
cartesian square. Then a' is tor-independent cartesian if and only if the 
whole rectangle a' + a is a tor-independent cartesian square. 

Proof. As a is cartesian, a' is cartesian if and only if a' + cr is cartesian. 

Let y" G Y" and x E X such that hh'{y") = ip{x). Let A" = OY",y", A' = 
C>y/,y, A = OY,y, and B = Ox,x, where y' = h'{y") and y = h{y') = ip{x). 
There is a spectral sequence 


Tor^^'(A", Tor^(A', B)) ^ Tor^^+,(A", B). 



By assumption, = 0 for g 7^ 0. So Tor^ (A", A' (g)^ B) = Tor^(A",i?), 


and the equivalence follows. 


□ 


Lemma 6.4. Let I be a small category, and m be a diagram of /°P- 
diagrams of Noetherian schemes. Assume that ip is proper, and a and o' 
are tor-independent fiber squares. Then the composite 


L{gg'r^^ ^ L{g'rLg*g^^ ^ L{gr{ipTLh* 

^AO. / Jl \X r 


^ {ip''YL{h')*Lh* 4 {ip''YL{hh')* 


agrees with ((a' + a). 


Proof. Straightforward, and left to the reader (use [Hii^ (1.23)]). □ 

Lemma 6.5. Let 


(14) 


X'^-^X 


P a' y 




Y' ^ ■ Y 
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be a diagram of 1°'^-diagrams of Noetherian schemes. Assume that ip and 
are proper, and a and a' are tor-independent fiber sguares. Then the 
composite 


iricpf^r A irfj-ip- ^ 

^ {fj'Y^ip'YLh* A [YAYLh* 


agrees with ((a' + a). 

Proof. Left to the reader (use (1.22)]). □ 

( 6 . 6 ) Let G be an S-group scheme, F be a G-scheme, and X a G-stable 
subscheme. That is, X is a subscheme of Y such that GX C X. Then X is a 
closed subscheme of an open subscheme U of Y. Assume that G is universally 
open (e.g., flat locally of hnite presentation) over S. Then GU is a G-stable 
open subscheme of Y, and X = GU \ G{U \ X) is a G-stable closed subset 
in GU. Being a G-stable subscheme ofY,X is a G-stable closed subscheme 
of GU. Thus if G is universally open, a G-stable subscheme is nothing but a 
G-stable closed subscheme of a G-stable open subscheme. 

(6.7) Let G be a flat S'-group scheme of hnite type, and (p : X —)■ F an 
immersion between Noetherian G-schemes. As we have seen in fl6.6l) . We can 
factorize (p as 

ip:X Au Ay, 

where G is a G-stable open subscheme of Y, i the inclusion, and p is a 
G-stable closed immersion. 

Let h : y' —?■ y be a G-morphism between Noetherian G-schemes. As¬ 
sume that ip and h are tor-independent. Then p and (the base change of) h 
are also tor-independent. 

For the hber square flT^ . we dehne C(o') to be the composite 

h*Y = h*p^i* A {p'YgU* A {p'YYTh* = {Y)'-h\ 
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where 


(15) 


X'- 

P' 


f 




X 

p 


U’^^U 


i' ^2 i 

Y' ^ ■ Y 


is a commutative diagram with ai and a 2 are cartesian, and ip' = i'p'. Using 
Lemma [231 it is easy to see that the definition of ({a) depends only on a, 
and is independent of the choice of factorization ui and a 2 - 


7. Serre’s conditions and the canonical modules 

(7.1) Let G be an S'-group scheme. We say that a G-scheme X is G- 
connected if X = Xi ]J X2 with Xi and X2 are G-stable open subsets, then 
either Xi or X2 is empty. In this paper, a G-connected G-scheme is re¬ 
quired to be nonempty. A connected topological space is also required to be 
nonempty. If the action of G on X is trivial, then G-connected and connected 
are the same thing. 

Lemma 7.2. Let G be an S-group scheme, and ip : X ^ W and u : W ^ Y 
be S-morphisms. Assume that ip = uip : X ^ Y is G-invariant, and is a 
categorical guotient by G. If u is a monomorphism {e.g., an immersion), 
then u is an isomorphism. 

Proof. As M is a monomorphism, it is easy to see that is also G-invariant. 
By the definition of the categorical quotient, there exists some v \ Y ^ W 
such that f) = vip. Then lyip = ip = uip = uvip. As is a categorical 
quotient, ly = uv by the uniqueness. As ulw = u = lyu = uvu and n is a 
monomorphism, Iw = vu. Hence u is an isomorphism. □ 

Lemma 7.3. Let G be an S-group scheme, and ip : X ^ Y a G-morphism. 

1 If ip is dominating and X is G-connected, then Y is G-connected. 

2 If ip is G-invariant dominating and X is G-connected, then Y is con¬ 
nected. 
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3 Assume that (p is a categorical quotient or an algebraic quotient. Then 
X is G-connected if and only if Y is connected. 

Proof. 1 . Assume the contrary, and let Y = hi II ^2 with Yi are nonempty 
G-invariant open. Then letting Xj = p}~^{Yi)^ we have that X = X1IJX2 
with Xi nonempty G-invariant open, and this is a contradiction. 

2 is obvious from 1 . 

3 We prove the ‘only if’ part. First consider the case that is a categorical 
quotient. Assume that Y = W II ^2 with each Yi nonempty open. Then ip 
cannot factors through Yi or Y 2 by Lemma 17.21 Letting Xi = ip~^{Yi) for 
z = 1, 2, we have that each Xi is nonempty G-stable open and X = Xi IJ X2. 
Next, assume that ip is an algebraic quotient. Then it is easy to see that ip is 
dominating and G-invariant. By 2, if X is G-connected, then Y is connected. 

We prove the ‘if’ part. Assume that X = Xi IJX2 with X* are nonempty 
G-stable open. First consider the case that (p is a categorical quotient. Then 
the map h = hi Uh-.XiUx^^su S, where hj : Xj —)■ S' is the structure 
map, factors through Y. This shows that Y cannot be connected. Next, 
consider the case that ip is an algebraic quotient. Let V = Spec A be an 
affine open subset of Y. Then U = ip~^{y) = Speci? is affine. We have 
G = Gi U f/2 with Ui = XiP U. Set Bi = F(Gi, OuX and Ai = Bf. Then 
A = AiX A2, and we can write V = ViW^ V2. This construction is compatible 
with the localization A —)■ A[a“^] for a & A. So for y & Y and two affine 
open neighborhoods V and IV, y G Vi if and only if y E Wi. So letting 
Yi = UyVi, we have Y = YiIJF2- As ip~^(Yi) = Xi, both Yi and Y 2 are 
nonempty, and Y is disconnected. □ 

( 7 . 4 ) For a snbset Z of X, we say that Z is a G-stable closed subset of X 
if X \ Z is a G-stable open snbset. We say that X is G-Noetherian if any 
descending chain of G-stable closed subsets of X eventually stabilizes. 

(7.5) Let X be a G-Noetherian G-scheme. A G-closed subset Z of X is 

said to be G-irreducible if Z is nonempty and if Z = Zi U Z2, Zi and Z2 
are G-closed snbsets of X, then either Z = Zi or Z = Z2. Any G-closed 
subset Z of X is of the form Z = lJi=i some r > 0 and G-irreducible 

closed subsets Zj. Thus we can write X = lJi=i Xi with Xj G-irreducible. 
Let = be the equivalence relation on {1, 2,..., r} generated by the relation 
Xj n Xj 7^ 0. For any eqnivalence class 7 with respect to =, X^ := Uie7^* 
is called a G-connected component of X. Obviously, X.y is G-stable closed 
open and G-connected, and X = X.y. It is easy to see that a G- 
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connected component of X is nothing but a maximal G-connected G-stable 
closed subset of X. 

(7.6) Let / be a small category, and X an J°P-diagram of Noetherian 
schemes. Then a connected component (see for the definition, (28.1)]) 

U of X is a cartesian closed open subdiagram of schemes. Indeed, for any 
i & I, Ui is the union of connected components of Xi, and for any cj) : i ^ j, 
X^^{Ui) = Uj by the definition of connected components. In particular, we 
have 

Lemma 7.7. Let G be an S-group scheme and X a Noetherian G-scheme. 
Then a connected component of B^{X) is of the form B^{Xi) with Xi a 
G-connected component of X. Conversely, B^{Xi) with Xi a G-connected 
component of X is a connected component of B^[X). □ 

(7.8) Let G be an S'-group scheme flat of finite type. Let X be a Noetherian 
G-scheme. 

Lemma 7.9. If Ix is a G-dualizing complex on X, n E Z, and C a G- 
linearized invertible sheaf on X, then Ix B[n] is a G-dualizing complex 
on X. Ifix andl'x are two G-dualizing complex on X and X is G-connected, 
then i?Homc)j^(Ix, lx) — for some n and C, and we have Ix — lx ®Ox 
C[n]. 

Proof. This is jHas.hl (31.12)]. □ 

( 7 . 10 ) Let G be an S'-group scheme flat of finite type. Let X be a Noethe¬ 
rian G-scheme. Let Ix be a G-dualizing complex on X. Letting s be the 
smallest integer such that H\Ix) 7^ 0, we define ux to be H^(Ix). We call 
ux the G-canonical module corresponding to Ix- If X = JJXj with each Xj 
G-connected, then we define u'x by oj'x\xi = ^Xi- We call uj'x the componen¬ 
twise G-canonical module (in |Has51 (31.13)], we called cOx the G-canonical 
module, but this is less useful in this paper, and we change the terminology). 

A coherent (G, Gx)-niodule u (resp. u') is called a G-canonical module 
(resp. a componentwise G-canonical module) if there exists some G-dualizing 
complex I on X such that u (resp. u') is isomorphic to the G-canonical 
module (resp. a componentwise G-canonical module) corresponding to I. 
Thus if oj (resp. u') is a G-canonical module (resp. a componentwise G- 
canonical module) and £ is a G-linearized invertible sheaf, then oj <S>Ox ^ 
(resp. uj'®Oxl^) is ^ G-canonical module (resp. a componentwise G-canonical 
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module). If u:' and uj” are two componentwise G-canonical modules on X, 
then there exists some G-linerized invertible sheaf C on X such that uj” = 
i>j' ®Ox If ^ is trivial, then a G-canonical module and a G-componentwise 
canonical module (with respect to I) are called a canonical module and a 
componentwise canonical module (with respect to I), respectively, where I is 
a dualizing complex of X. 


Lemma 7.11. Let h ■. G' ^ G be a homomorphism between S-group schemes 
flat of finite type. Let X be a Noetherian G-scheme. Let ]Ix(G') be a G- 
dualizing complex on X, and set Ix(G'0 •= .hres^, Ix(G) {see Lemma l4.17p . 
Letux{G) be the G-canonical module corresponding to Ix(G). Thenux{G') : = 
resg, Ci;x(G') is the G'-canonical module corresponding to the G'-dualizing 
complex lx{G'). 


Proof. Let s = inf{i G Z | H^{Ix{G)) 7^ 0}. By Lemma H73l uJx{G') = 
H^{lx{G')) and H^{lx{G')) = 0 for i < s. As res^, : Qch(G,X) —)■ 
Qch(G',X) is faithful by Lemma l4^ ux{G') 7^ 0, and we are done. □ 

A similar compatibility with the change of groups does not hold for the 
componentwise canonical module. 


(7.12) Let X be a locally Noetherian scheme. A coherent Gx-module u is 
said to be semicanonical at a: G X if ujx,x is either zero, or is the canonical 
module |Aoy[ (1.1)] of the local ring Ox,x- We say that oj is semicanonical if it 
is so at each point. Being a semicanonical module is a local condition. That 
is, if UJ is semicanonical and G C X is an open subset, then a;|[/ is semicanon¬ 
ical on Lf. If (Gj) is an open covering of X and each uJ\u^ is semicanonical, 
then UJ is semicanonical. 


Lemma 7.13. Let the notation be as in fl7.1Up . Then the canonical module 
ujx and the componentwise canonical module corresponding to Ix are semi¬ 
canonical Ox-modules. 


Proof. Let x G X. Then lx,x is a dualizing complex in the usual sense for 
the local ring Ox,x- So if ujx,x f 0, then by the dehnition of the canonical 
module for a local ring |Aoy[ (1.1)] and the local duality |Hartp (6.3)], ujx,x 
is the canonical module of Ox,x- Using this result componentwise, we get a 
similar result for uj'y^. □ 
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(7.14) For a local ring (A, m) and an A-module M, we define depths M = 
inf{n G Z | H^{M) ^ 0}. For a commutative ring A, an ideal I, and an 
A-module M, we define 

depth^(/, M) = depth(/, M) := inf ^ depth^^ Mp. 

If A is Noetherian and M is finitely generated, then we have 

depth^(/, M) = inf{n G Z | Ext^{A/I, M) ^ 0}, 

which also equals the length of a maximal M-sequence in I (provided M ^ 
IM), see |Hart21 (3.4), (3.6), (3.10)]. 

Lemma 7.15. Let A be a Noetherian ring, M a finite A-module, and I an 
ideal of A. Then 


depth^(J, M) = inf{n G Z | Hf{M) ^ 0}. 

Proof. If depth^(/,M) > n, then Exi\{A/If M) = 0 for f < n and any 
j > 1 by |Matl (16.6)], and hence H\{M) = lin^ Ext (A/If M) = 0 for 
i < n, and the right-hand side is > n. 

We prove the converse. Let n > 0. We want to prove that for a finite 
A-moduIe M, H\{M) = 0 for i < n implies that depth^(J, M) > n. We 
prove this by induction on n. If n = 0, this is trivial. Assume that n > 0. 
Then as IIomyi(A//, M) C Hj{M) = 0, we have that depth^(/,M) > 0. 
So we can find a nonzerodivisor a G / on M. Then we have a long exact 
sequence 


-^ HfM) A H}{M) ^ • 

of the local cohomology. By assumption, we have that H]{M/aM) = 0 for 
i <n — l. By induction, depth^(J, M/aM) >n — l. Hence depth^(/, M) > 
n. □ 

(7.16) We define dim^ M = dim M to be the dimension of the support 
supp^ M. 

(7.17) Let X be a scheme, n > 0, and A4. a quasi-coherent Ox-module. 
We say that M satisfies the (S^) (resp. (A)) condition if for each x G X, 
we have depth Ala, > min(n, dim Ox,x) (resp. depth Ala; > min(n, dim Ala;) 
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(here we define depth0 = oo > n)). Or equivalently, if depth < n, then 
depth Ala; = dimC>x,x (resp. depth Ala, = dimAla,). If Ox,x is Noetherian 
and Ala; is a finite module, then Ala: is called maximal Cohen-Macaulay (resp. 
Cohen-Macaulay) if depth Ala; = dim Ox,x (resp. depth Ala; = dim Ala;)- We 
say that X satisfies the (S'n) condition if Ox satisfies the (S'n) condition (or 
equivalently, (S'(j) condition). 


Lemma 7.18. Let B he a Noetherian local ring with the canonical module K. 
Then the associated sheaf u := K is a semicanonical module on Z = SpecB. 
In other words, if P is a prime ideal of B and Kp ^ 0, then Kp is the 
canonical module of Bp. 


Proof. This is |Aoy[, (4.3)]. 


□ 


Lemma 7.19. Let Z he a locally Noetherian scheme with a semicanonical 
module uz- Then uz satisfies the (Slf) condition. 


Proof. If depth < 2, then uz,z 7^ 0, and hence depth = dima;^^^ by 
|Aoy , (1.10)]. On the other hand, if C is a minimal element of suppcu^^^, then 
the dimension of the closure C of C in Spec Oz,z agrees with dim Oz,z by |Aoy 
(1.7)]. Hence dimuz,z = dimOz,z) and ojz satisfies the (S' 2 ) condition. □ 


Corollary 7.20. Let G he a flat S-group scheme of finite type, and X a 
Noetherian G-scheme with a G-dualizing complex. If X is locally eguidimen- 
sional {e.g., X is {S 2 ), see lOgof ), then for a componentwise G-canonical 
module u'x, we have that suppa;',^' = X. 


Proof. We may assume that X is G-connected. Let I be a G-dualizing com¬ 
plex of X, and let u'x = 17^(1) with Hfif) = 0 for i < s. Let x G suppa;];^^. 
As u'x , 1 . satisfies the (S'()-condition by Lemma 17.191 any generalization of x 
is in suppa;];^. This shows that suppcn)^ is G-stable closed open. As X is 
G-connected and u'x f 0, suppa;];^^ = X. □ 

(7.21) Let A be a scheme and x G X. Then the codimension of x is that 
of {x}. Namely, codim^x = codimx{x} = dimOx,x- We denote the set of 
points of X of codimension n by As can be seen easily using [Stack! 

(10.24.4)], any irreducible closed subset Z of X has a unique generic point 
C, and obviously we have codimx Z = codimx (. In particular, is in 
one-to-one correspondence with the set of irreducible components of A by 
the correspondence ^ 
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For n G Z, a subset of U is said to be n-large if codimx(-^ \U) > n + 1. 
This is equivalent to say that U D U ■ ■ ■ U 0-large is also called 

strongly dense, and 1-large is simply called large. Note that a strongly dense 
subset is dense. 

If f/ C C X and U is n-large in X, then V is n-large in X. If 
U <ZV <Z X,V is open in X, U is n-large in V, and V is n-large in X, then 
[/ is n-large in X. 

(7.22) For a scheme X and n > 0, let P”(X) be the set of integral closed 
subsets of codimension n. Note that X^"^^ is in one-to-one correspondence 
with P"'(X). An element of P^{X) is nothing but an irreducible component 
of X. A set A of subsets of X is said to be locally finite if for any affine 
open subset P of X, P n P 7 ^ 0 for only finitely many elements P of A. 
We say that a scheme X is an LFI-scheme if P°(X) is locally finite. This is 
equivalent to say that | ^ G X^°^} is locally finite. 

A locally Noetherian scheme is LFI. An open subset P of an LFI-scheme 
X is dense in X if and only if it is strongly dense in X. 

(7.23) Let Z be a locally Noetherian scheme. A coherent sheaf u on Z 
is said to be n-canonical at z G Z if the O^^^-module lJz satisfies the (S^)- 
condition, and for each generalization z' & Z with codim z' < n, Uz' is either 
zero, or is the canonical module of the local ring Oz,z'- We say that u is 
n-canonical if it is n-canonical at each point. Being n-canonical is a local 
condition. 

Lemma 7.24. Let Z be a locally Noetherian scheme with a 1-canonical mod¬ 
ule u. For M. G Coh(Z), consider the following conditions. 

1 M. satisfies the (PJ) condition, and snppAT C snppca. 

2 M. satisfies the (Pi) condition, and (suppXl)^°^ C (snppa;)^°b 

3 The canonical map M. —)■ is monic, where {ly = Hom^o ^f?, u). 

4 Ai is isomorphic to a submodule of a finite direct sum of copies of u. 

Then we have 4^1y^2y^3. A coherent module of the form M. = with 
Af G Coh(Z) satisfies 3. If Z = SpecP is affine, then 3^4 holds. 

Proof. As the conditions 1, 2, 3 are local, and the conditions AA = Af^ and 
4 localizes, we may assume that Z = SpecP is affine, and we are to prove 
that the four conditions are equivalent, and Af^ satisfies 4 for Af G Coh(Z). 
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Set M = r{Z,M), K = r(Z,a;), and (?)^ = HomB(?,/sT). 

1^2. As M satisfies the (S'J)-condition, it satisfies the (S'i)-condition. 
Let F be a minimal prime of M. As dim Mp = 0, we have that depth Mp = 0, 
and hence dimFp = 0 by the (S'J)-property. As Kp ^ 0, dimiLp = 0. 

2^3. First, assume that F G supp M and dimMp = 0. Then by assump¬ 
tion, F G suppiL and dimiFp = 0. As Kp satishes {S[) and depth iFp = 0, 
we have dimFp = 0. 

In particular, as M satishes (Fi), it also satishes (F^). 

Let D : M ^ be the canonical map, and set F := suppKerF. 

If ht F = 0, then we have that Kp = 0 or Kp is the canonical module of 
Bp. If Mp 7 ^ 0, then as the Fp-module Mp is maximal Cohen-Macaulay 
and Kp ^ 0, Dp Mp —)• Mp'^ is an isomorphism by |Aoy[ (4.4)]. Hence 
codim^F > 1. If KerF ^ 0, then taking an associated prime Q of KerF, 
ht Q > 1 and Q is an associated prime of M. As depth Mq = 0 and M 
satishes the {S[) condition, dimFg = 0. This contradicts htQ > 1. Hence 
KerF = 0, as desired. 

Now we prove that Af^ satishes 4. Set N = r(Z, Af), and take a surjection 
F” —)■ N. Taking the dual, we have an injection N'^ —)■ A'"’. 

We prove 3^4. Set N := M^. Then there is an injection M M^^ = 
N'^ and an injection N'^ —)• K'^. So there is an injection M —)• K'^. 

4^1. As M C iF", we have that suppM C suppiF. If depth Mp = 0, 
then F is an associated prime of M, and hence F is an associated prime 
of K, and depth iFp = 0. As K satishes the (FO-condition, ht F = 0, and 
hence M satishes the (5j)-condition. □ 

Lemma 7.25. Let B be a Noetherian local ring, N a finite B-module which 
satisfies the (5„) condition. If there is a minimal prime P of N such that 
dimF/F < n, then dimF/F = depth A^ = dimA^. If, moreover, N satisfies 
(Slf), then dimF/F = dimF. 

Proof. As Homp(F/F, N) 0, we have depth A^ < n by |Mat( (17.1)]. Hence 
depthA^ = dimA^ by the (5„) property. Hence dimF/F = dimA^ by |Matl 
(17.3)]. Assume that N satishes {S'fi). Since depthA^ = dimF/F < n, we 
have dimF/F = depthA^ = dimF. □ 

Corollary 7.26. Let B be a Noetherian local ring, and M a finite B-module 
which satisfies (Sn). Let N be a finite B-module which satisfies {S'fi). If a 
minimal prime of M is a minimal prime of N, then M satisfies (S'/). 
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Proof. Let P G Spec B with depth Mp < n. Then by (S'„) property of M, we 
have dim Mp = depth Mp. Let Q be a minimal prime of M such that Q <Z P 
and dim Bp/QBp = dim Mp. Then by assumption, Q is a minimal prime of 
N. As dim Bp/QBp < n and QBp is a minimal prime of Np, we have that 
depth Mp = dim Bp/QBp = dimi?p by Lemma 17.251 and (SQ) property of 
N. □ 

Corollary 7.27. Let B be a Noetherian local ring which satisfies (Sn), and 
M a finite B-module which satisfies {SQ and (S'J). Then M satisfies {S/). 

Proof. Apply Corollary 17.261 to the case that N = B. □ 

Lemma 7.28. Let Z he a locally Noetherian scheme with a 2-canonical mod¬ 
ule oj. For M. G Coh(Z), consider the following conditions. 

1 M satisfies the {Sf) condition, and suppAT C suppca. 

2 M. satisfies the (S' 2 ) condition, and (suppAd)^°^ C (suppa;)^°^ 

3 The canonical map Ai — ?■ is isomorphic, where {ly = Hom^p ^f?, u) . 

4 There is an exact seguence of the form 

M^Kf^ ^K} 

such that /C* is a finite direct sum of copies of co for i = 0,1. 

Then we have 4^1y^2y^3. A coherent module of the form Ai = Af'^ with 
Af G Coh(Z) satisfies 3. If Z = Sped? is affine, then 3^4 holds. 

Proof. We may assume that Z = Spec B is affine, and we need to prove that 
the four conditions are equivalent, and Af'^ satishes 4. Let M, K, and (?)'^ 
be as in the proof of Lemma 17.241 

1^2. As M satishes (S' 2 ), it satishes (S' 2 ). (suppA4)^°^ C (suppa;)^°^ is 
by Lemma 17.241 1^2. 

2^3. By Corollary 17.261 we have that M satishes (S' 2 ). Note that 
suppM C supp iL by Lemma 17.241 2^1. 

Also by Lemma 17.241 2^3, we have that Z? : M —)■ M^^ is monic. 
Let C := Coker/?. Let P G Sped? and depth Mp < 2. Then Mp is 
maximal Cohen-Macaulay by the (S 2 ) property of M. We have Kp y d 
by suppM C suppiC. So Kp is the canonical module of Bp, since K is 
2-canonical. Hence Cp = 0 by |Aoy[ (4.4)]. 
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Now assume that C 7 ^ 0, and let Q be a minimal prime of C. Then 
Cq 7 ^ 0, and hence depth Mq > 2 by the argument above. Hence dim Bq > 2. 
On the other hand, 


0 —)■ Mq Mq'^ —)■ Cq —)■ 0 

is exact. As Mq^ satishes (S'!) by Lemma 17.241 depth> 1. By the 
choice of Q, depth Og = 0. By the depth lemma, depth Mg = 1, and this 
contradicts depth Mg > 2. Hence (7 = 0, as desired. 

Now we prove that satishes 4. Set N = T{Z,J\f), and take a presen¬ 
tation 

Fi —y Fq — y N —y 0 

with Fq and Fi hnite free. Dualizing, we get a desired exact sequence. 

Now we prove 3^4. Set := M^. Then M = M'^'^ = N'^. As N'^ 
satishes 4, M satishes 4, too. 

4^1. Let P G Speci? and assume that depth Mp < 2. By the exact 
sequence, we must have that depth iLp = depth Mp. As K satishes the 
(S' 2 )-condition, dimHp = depth iLp = depth Mp, and hence M satishes the 
(S' 2 )-condition. suppAT C suppo; is trivial. □ 

(7.29) Let Z be a locally Noetherian scheme. We denote the full subcate¬ 
gory of Coh(Z) consisting of coherent sheaves satisfying the (S*^) condition 
by (S'(j)(Z). It is an additive subcategory of Coh(Z) closed under direct 
summands, extensions, and epikernels. 

Lemma 7.30. For Ai G Coh(Z), the following are equivalent. 

1 Me 

2 For any dense open subset i : U ^ Z of Z, the canonical map u : M ^ 
iJ*M is a monomorphism. 

Proof. As the question is local, we may assume that Z = SpecB is affine. 
Set M = r{Z,M). 

1^2. Let I be an ideal of B such that U = Z \ V{I). Then we have 
ht / > 1, and hence we have that depth AT^ > 1 for each z e V{I) by the {S[) 
property. Thus depthp(/, M) > 1, and hence Hj{M) = 0 by Lemma [7.151 
Hence M —)■ V{U,M) is injective. 

2^1. Assume that P is an associated prime of M with htP > 1. Then 
letting U = D{P) = Z \ V{P), U is dense. However, as P is an associated 
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prime of M, the local cohomology Hp{M), which is the kernel of M —)■ 
is nonzero, and this is a contradiction. Hence if P G AssM, 
then htP = 0. Namely, Ai satishes the {S[) condition. □ 

Lemma 7.31. Let Z be a locally Noetherian scheme. For At G Coh(Z’), the 
following are equivalent. 

1 Me{S',){Z). 

2 Al G {S[){Z), and for any large open subset i : U ^ Z of Z, the 
canonical map u : M iAM. is an isomorphism. 

Proof. As in the proof of Lemma 17.301 we may assume that Z = Spec B is 
affine. Let M = V{Z,Oz). 

1=^2. Clearly, M. satishes the {S[) condition. 

Let I be an ideal of B such that U = Z \V{I). As we have htJ >2, 
depth(/, M) > 2. So the local cohomology H]{M) vanishes for i = 0,1- By 
the exact sequence 

P°(M) M ^ T{Z,iJ*M) 

we are done. 

2^1. Let P G SpecP satisfy depth Mp < 2. If depth Mp = 0, then 
dimPp = 0 by the {S[) assumption. If not, then depth Mp = 1. We want 
to prove that dimPp = 1. Assume the contrary. Then dimAp > 2. Then 
letting U = Z \ V{P), we have that P is a large open subset of Z. As we 
have an exact sequence 

0 ^ ^ M ^ r(P, i*M) 0 

by [Hart21 (1.9)], we have that Hp{M) = Hf{M) = 0 by assumption. Hence 
Hpp^{Mp) = Hfp^^Mp) = 0. Hence depth Mp > 2, and this is a contradic¬ 
tion. 

Hence depth Mp < 2 implies that depth Mp = dimAp. That is, M 
satishes the (P^) condition. □ 

(7.32) Let Z be a scheme with a quasi-coherent sheaf Ai. We say that Ai 
is full if supp AT = Z. 

Lemma 7.33. If (p : X ^ Y is a flat morphism of schemes and Ai is a 
quasi-coherent sheaf on Y. If Ai is full, then (p*Ai is also full. Ifip*Ai is a 
full and ip is faithfully flat, then Ai is full. 
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Proof. Easy. 


□ 


Lemma 7.34. Let Z be a loeally Noetherian scheme with a full 2-canonical 
module oj, and U its large open subset. Let i : U ^ Z be the inclusion. If 
A4 E (S'2)(?7), then i^M. E {S 2 ){Z). Moreover, i* : {S 2 ){U) -E {S 2 ){Z) and 
i* : {S 2 ){Z) -E- {S 2 ){U) are quasi-inverse each other. 

Proof liPM E {S' 2 ){Z) for M E (5')([/), then P : (5')(f/) ^ (5')(Z) and 
i* : {S 2 ){Z) -E- (*S' 2 )(f/) are well-defined fnnctors. The connit map —)■ Id 

is obvionsly an isomorphism. On the other hand, Id -E i^i* is an isomorphism 
by Lemma [7.311 So the last assertion follows. 

So it snfiices to show, If E {S 2 ){Z) for Ai E {S 2 ){U). We can take 
a coherent snbsheaf Q of i^M snch that i*Q = i*i^,M = M hy |Hart3[ 
Exercise II.5.15]. Set M := . Then M E {S 2 ){Z) by Lemma 17.281 So by 

Lemma 17.311 M -E iJ*J\f = = i^Ai is an isomorphism, 

and hence i^A4 is coherent and is in (S^jiZ). □ 

Example 7.35. Let Z be a locally Noetherian scheme. In the following 
cases, Z has a fnll 2-canonical modnle u. 

1 Z is normal. Any rank-one reflexive modnle (e.g., Oz) can be nsed as 

UJ. 

2 Z is locally eqnidimensional Noetherian with a dnalizing complex. The 
componentwise canonical modnle is the desired one. 

3 Z = Speci? with B an eqnidimensional Noetherian local ring with 
a canonical modnle in the local sense. The canonical modnle is the 
desired one. 

(7.36) A locally Noetherian scheme Z is said to be quasi-normal by u if 
a; is a fnll 2-canonical module of Z. It is simply called quasi-normal, if it is 
quasi-normal by some u. We say that Z satisfies (T„) (resp. {Rn)) if Oz,z is 
Gorenstein (resp. regular) for z E Z with codim < n, or equivalently, the 
Gorenstein (resp. regular) locus of Z is n-large. 

Lemma 7.37. For a locally Noetherian scheme Z, the following are equiva¬ 
lent. 


1 Z satisfies (Ti) -|- (5*2). 

2 Z is quasi-normal by Oz. 
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In particular, if Z is normal {or equivalently, satisfies {Rfi + ( 5 ' 2 )), then it 
is quasi-normal by Oz- 


Proof. Easy. 


□ 


Lemma 7.38. Let Z he a locally equidimensional connected Noetherian scheme 
with a nonzero semicanonical module u. Then suppcj = Z, and we have that 
Z is universally catenary and quasi-normal by uj. 

Proof. Let Xi,..., Xr he the irreducible components of Z that are contained 
in suppca. Assume that suppca 7 ^ Z. Let Yi,... ,Ys be the irreducible com¬ 
ponents of Z that are not contained in suppca. By assumption, r > 1 and 
s > 1. As Z is connected, there exist some i and j such that X^HYj 7 ^ 0. Take 
z G {Xi n YjY^\ and consider the local ring B = Oz,z- As z G suppcu, B has 
a canonical module K = Uz- By assumption, B is equidimensional. By |Aoy 


(1.7)], suppiL = Specie. Hence Yj C suppca, and this is a contradiction. 
Hence suppca = Z, as desired. 

Let z E Z he any point, and set B = Oz,z- As suppca^ = SpecH, we have 
that suppa)^ = SpecH, where B is the completion of H. As is a canonical 
module of B, we have that B is equidimensional by |Aoy (1.7)]. Hence B is 
universally catenary by |Matl (31.6)]. Hence Z is universally catenary. □ 

Corollary 7.39. Let Z be a Noetherian scheme with a dualizing complex. If 
Z is locally equidimensional, then the componentwise canonical module oj' is 
a full semicanonical module, and Z is quasi-normal by oj'. 

Proof. The componentwise canonical module u' is full by Lemma 17.381 □ 

Lemma 7.40. Let (p : X ^ Y be a flat morphism between locally Noetherian 
schemes. Let Ai be a coherent sheaf on Y, and n > 0. Then 

1 If (f is faithfully fiat, and (p*A4 satisfies the {S{f) condition {resp. the 
{Sn) condition), then so does M. 

2 If the fibers of ip satisfy (S'„) and M. satisfies {Sf) {resp. {Sn)), then 
so does ip*M. 


Proof. For the property (A^), see |Gro2i (6.4.1)]. The assertions for {S'.fi) is 
also proved similarly. □ 

Lemma 7.41. Let ip : X ^ Y be a flat morphism between locally Noetherian 
schemes. Let u be a coherent sheaf on Y. 
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1 Ifip is faithfully flat andip*u} is semicanonical {resp. n-canonical), then 
so is uj. 


2 If X is quasi-normal by (p*u, then Y is quasi-normal by oj. 

3 If u is semicanonical and each fiber of (p is Gorenstein, then (p*u is 
semicanonical 

4 If OJ is n-canonical and each fiber of ip satisfies (T„_i) + (Sn), then ip*u 
is n-canonical. 


5 IfY is quasi-normal by oj and each fiber of (p satisfies (Ti) + (S' 2 ) 
X is quasi-normal by p}*oj. 


then 


Soy 


Proof. 1. The assertion for the semicanonical property follows from 
(4.2)]. As the (S'„) property also descends by Lemma 17.401 the assertion for 
the n-canonical property follows easily. 

2 follows immediately by 1. 

3. Let A —)■ 5 a flat Gorenstein local homomorphism between Noetherian 
local rings, and K the canonical module of A. It suffices to prove B (g)^ K is 
the canonical module. Let Q = where is the maximal ideal 

of B. Note that Q is a maximal ideal of A®aB. Set C := {A®aB)q. Since 
K = A ®A K is the lowest nonvanishing cohomology group of the dualizing 
complex I of A, we have that C ®a K is the lowest nonvanishing cohomology 
group of C <g)^ I. As A —)• G is a flat Gorenstein local homomorphism, C <g)^ I 
is a dualizing complex by |AvFl (5.1)]. Hence C®aK is the canonical module 
of C. By |Aoy (4.2)], B K is the canonical module of B. 

4 and 5 are immediate consequences of 3. □ 


(7.42) Let / : G —)■ iL be a quasi-compact flat homomorphism between 
flat S'-group schemes of hnite type with N = Ker/. Note that N is also flat 
of hnite type. 

Lemma 7.43. Let g ■. Z' ^ Z be a G-morphism separated of finite type. 
Assume that Z is Noetherian. Then the flat base change map 

C : resg. g- g' res^ 

(see |Has51 Ghapter 21]) is an isomorphism between the functors Z) 

Z') {it would be better to write Lres^ instead 0 /res^, but as in 
|Has5j , for a left or right derived functor of an exact functor, we omit L or 
R). 
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□ 


Proof. This is |Has5[ (21.8)]. 

(7.44) Let f : G ^ H, and N be as in fl7.42p . Let Yq be a fixed Noetherian 
//-scheme with a fixed //-dnalizing complex = Iyg(//). The restriction 
res^ Iv^(H) is a G-dnalizine comolex bv |Has5l 131.17')]. We denote it bv lyo 
or lyoic). 

Let Yq) be the category of (G, To)-schemes separated of finite type 
over Yq. For {hz ■ Z — )■ Yq) G J^{G,Yq), the G-dualizing complex of Z (or 
better, of hz) is h'^IyoiG) by definition, and we denote it by Iz = Iz(G). 

Lemma 7.45. Let hz '■ Z ^ Yq be an object of J^{G,Yq) . Assume that the 
action of N on Z is trivial. Then Z G F{H,Yq). When we set Iz{H) := 
h'^Iyoin), then we have Iz(G) = res^ I^(//). In particular, each cohomology 
group of Iz{G) belongs to Coh.p^{G, Z), the full subcategory o/Qch(G, Z) 
consisting of N-trivial coherent {G,Oz)-modules. 

Proof. The first assertion is by |Haslll (6.5)]. We have 

Iz(G) = h^Iyo(G) = h^resg ly,{H) = resf h'^ly^iH) = resf lz{H) 

by Lemma 17.431 and the second assertion holds. In particular, being re¬ 
stricted from //, each cohomology group of Iz(G) is Wtrivial. □ 

Example 7.46. Let S be Noetherian with a fixed dualizing complex I 5 . 
Then ]Is(//) = {L_iIs)am //-dualizing complex of the //-scheme S by 
|Has51 (31.17)], where L_i : Mod(S') —)■ Mod(.B^(S')) is the left induction, 
and (?)am • Mod(.B^(S')) Mod{H,S) = Mod{Bff (S)) is the restriction. 
See for the notation, |Has5] . Letting Yq = S, we are in the situation of fl7.44p . 

(7.47) Let S, f : G ^ H and N be as in fl7.42l) . Yq, ly^, and B{G, Yq) be 
as in fl7.44p . 

Let Z G B{G,Yq). The G-canonical module of Z, denoted by uz, is 
defined to be the G-canonical module corresponding to the G-dualizing com¬ 
plex Iz- Note that the definition in |Has51 (31.13)] is slightly different, and 
used the componentwise G-canonical module, see (17.101) . 

Lemma 7.48. Let f : G ^ H, N, Yq, ly^, and Z G J^(G,yo) 0'S in 
(I7.47P . Let U be a G-stable open subset of Z. If uz\u ^ d {e.g., U is dense), 
then uzlu — oju as {G,Ou)-modules. If, moreover, U is large in Z, then 
Uz — i*0Ju, where i : U ^ Z is the inclusion. 
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Proof. Assume that ooz = H'^flz). lioozlu = H^{Iu) ^ 0, then as H'^iju) = 0 
for i < s, we have that 0 Jz\u — SiS (G, C>t/)-modules. 

Assume that U is large in Z. Then since uz satishes {S 2 ), we have that 
<-oz —t i*i*0Jz — i*uJu is an isomorphism by Lemma I7.311 □ 


(7.49) Let / : G —)■ iL be as in fl7.42p . Assume that N is smooth over 
S. Let X be the dehning ideal of the unit element e in N. Then X/lf is 
a locally free sheaf over S on which G acts via the conjugation. We set 
LieA^ := (X/X^)*, and ©tv ;= /\*°^LieA^. The following is essentially due to 
Knop |Knp Lemma 5]. 


Proposition 7.50. Assume that N is smooth over S. If (p : X ^ Y is 
a G-enriched principal N-bundle with Y locally Noetherian, then PLx/y is 
isomorphic to h3('((Lie77)*), where hx '■ X ^ S is the structure map. 


Proof. Consider the commutative diagram 


(16) X^^NxX^^XxyX^^X 



of G-schemes, where G acts on N by conjugation action, and ^/(n, x) = 
(nx,x). Then as T is an isomorphism and (a) and (b) are fiber squares, 


VLx/y = (e X 1x)*'^*pII^x/y = (e x 1xT^*^x^yX:/x — 

(e X lx)*^Nxx/x = {ex 1x)*pIIIn/s — h*xe*Vlx/x — ^x((Lie A^)*), 

as desired. □ 

So ux/Y ■= = h*x{Q*^) = where Qn,x ■= h*x&N- We 

prove a version of this fact which can be used also for the case where N may 
not be smooth. 

(7.51) We say that a morphism of schemes 93 : X ^ X is of relative 
dimension d if = d for each x G X, see |Gro31 (17.10.1)] for the 

notation. 
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(7.52) Let f : A ^ B he a local homomorphism between Noetherian local 
rings. Let / : A —)■ i? be its completion, and 

(17) A^C ^ B 

a Cohen factorization |AvFH] of it. That is, g is flat with C'/m^C' regular, 
and h is surjective. If so, we dehne the Avramov-Foxby-Herzog dimension 
(AFH dimension for short) of / by 

AFHdim / = AFEdim^i B = dim C — dim A — ht Ker h 

and the depth of / by depth / = depth B — depth A, see |AvFHj and |AvF2j . 
If / is flat, then AFHdim / is nothing but the dimension of the closed hber. 
We define cmd/ = AFHdim / — depth/, and call it the Cohen-Macaulay 
defect of /. We say that / is Cohen-Macaulay at rus if flat.dim/ < cx) 
and cmd / = 0. This is equivalent to say that Ker h is a perfect ideal. If 
Kerb is a Gorenstein ideal (that is. Kerb is perfect and Extp(H,C') = H, 
where c = htKerh, we say that / is Gorenstein at m^. These dehnitions are 
independent of the choice of Gohen factorization fll7p of /. 

(7.53) A morphism (p : X —)• K between locally Noetherian schemes is said 
to be Gohen-Macaulay (resp. Gorenstein) if Oy^y Ox,x is Gohen-Macaulay 
(resp. Gorenstein) at rUa, for every x E X. AFHdima, (p is ATHdim^y Ox,x- 
If AFHdima, (p = d is independent of a; G X, then we say that ip has AFH 
dimension d. 


Lemma 7.54. Let ip : X ^ Y be a Cohen-Macaulay separated morphism 
of finite type between Noetherian schemes. Then ip has a well-defined AFH 
dimension on each connected component of X. 

If ip is of AFH dimension d, then i7*(</5'(0y)) = 0 for i A —d. If, 
moreover, ip is Gorenstein, then ux/y ■= is an invertible sheaf. 

If, moreover, G is a flat S-group scheme of finite type and ip is a G-morphism, 
then oJxiY is a G-linearized invertible sheaf. If, moreover, ip is smooth, then 
OJXJY = t\C.x/Y- 


Proof. By the flat base change IS (4.4.3)], the question is local both on X 
and Y, and we may assume that Y = Spec A and X = Spec B are both affine. 
As B is hnitely generated, we may write B = G/I, where G = A[a:i,..., Xjf\ 
is a polynomial ring, and I an ideal of G. By assumption, J is a perfect ideal 
of codimension h -.= n — d. We have 


j^ip- = i? Hom,o ,(AC>y, AA?))W, 
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where 'll) : Z = SpecC ^ y is the canonical map, and j : X — )• Z is the 
inclusion. As we have (7) = 0 for i 7 ^ h, the first assertion follows. 

If, moreover, cp is Gorenstein, Ext^(i?,C') is rank-one projective as a B- 
module, and the second assertion follows. The third assertion is trivial. The 
last assertion follows from jH^ ( 28 . 11 )]. □ 

Definition 7.55. Let G be a flat S-group scheme of hnite type, and (p : X ^ 
y be a G-morphism separated of hnite type between Noetherian G-schemes. 

We denote the lowest non-vanishing cohomology group H^^ip'Oy) 7 ^ 0 {H^^ip'Oy) 
0 for i < s) of (p'Oy by ojx/y or if X 7 ^ 0 (if X = 0, we dehne ojx/y = 0), 
and call ujx/y the relative canonical sheaf of p> (or of X/Y). 

Lemma 7.56. Let G and ip \ X ^ Y be as in Definition |y.55| . Assume 
that ip is flat Gorenstein of relative dimension d. Then for any morphism 
h ■. Y' ^ Y with Y' Noetherian, we have that ux'jY' — hx^x/Y, where 
X' = Y' Xy X and hx '■ X' ^ X is the second projection. 

Proof. Consider the diagram 


(18) 



Then by the hat base change. 

Ox = = Af'p\ip'Oy = N!'p\ljJx/Y[d\- 

As A is a closed immersion, the description of A' in |Has51 Chapter 27] yields 
that there is an isomorphism 

Ox = ^'p*iOJx/Y[d] = p*iOJx/Y ® ^'OxxYx[d]- 

Thus A'GxxyX — ^f^iy[~d]. Note that all the maps in flTS]) are tor-independent 
to h and its base change. 

The argument above applied to (p' : X' —)■ Y' yields (A')'Gx'Xy,x' — 
IY,[—d]. So it suffices to show that the canonical map C, : LhxX'Oxx yX 
{X')'Lh*x^^X is an isomorphism. To verify this, we may forget the G-action, 
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and we may assume that G is trivial. Then, as the question is local on X, 
Y, and Y', we may assume that X = Spec 5, Y = Spec A, Y' = Spec A' are 
all affine. 

Then by dehnition, (^ = (^ is identihed with the map 
H : REomc{B,C) A' ^ RRome 


where C = B B, and B is viewed as a C-algebra via the product map, 
and B' = A' 0^^ B and C = A' 0^ C. 

To compute the map H, let F be a C-free resolution of B whose terms 
are hnite free. Note that 

H\¥* 0A A') = H^RomeiA' 0^ F, C')) ^ 


ux'iY' {i — d) 

0 {otherwise) 


Letting 


F* ; 0 ^ ^- 


d* 


Gi+i 




and i?*(F*) = Im(9*“^, we have that iL*(F* ® A/J) = 0 for any ideal J oi A 
and any i > d. This shows that ToTf{B‘^~^^, A/ J) = 0 for any J, and hence 

Rd+S jg Rd+3 jg 

an isomorphism. So it 

is easy to see that Z'^ = Kerd'^ is also A-flat and Z'^ 0^ A' —)■ 0'^(F* 0^ A') 
is an isomorphism. So considering the exact flat complex bounded above 


0 ^ G° ^-^ G 


d-l 


^ -)■ Z'^ jB'^ -)■ 0 


is compatible with the base change. We have that the induced map oJxjY ®a 
A' ojx'jY' is an isomorphism, as desired. □ 

Lemma 7.57. Let G be a flat S-group scheme of finite type, and ip : X ^ Y 
and : Y ^ Z be flat Gorenstein G-morphisms separated of finite type 
between Noetherian G-schemes with well-defined relative dimensions. Then 
UxlZ — T*^YIZ ®Ox ^XjY- 

Proof. Let d and d' be the relative dimensions of p and f), respectively. We 
have 


^x/z — H {{tljp)'{Oz)) H ^ {p'{uY/z[d'])) 

— H ^{p*u:yiz p'{Oy)) = p*bJYiz ®Ox ^xjy- 

□ 


64 



(7.58) Let f : G ^ H, N, Yq, and Z G J^{G,Yo) be as in (LTm . 
Assume that N is separated and has a hxed relative dimension. We dehne 
0 = Qn,z ■= ^Nz^^NzIz^ where Nz = N Xs Z, and cnz ■ Z —)■ Nz is the 
unit element. Letting hz ■ Z ^ Yq is the structure map, h^QNXo — ^n,z by 
Lemma 17.561 If S is Noetherian, then letting Qn,s = ^*n^*n/si have that 
0Af,z = h*zQN,s, where hz ■ Z ^ S is the structure map. 

Note that 0 is a G-linearized invertible sheaf on Z. If is smooth of 
relative dimension d, then Qn,z — Lie A^), where LieA^ = and 

hz '■ Z ^ S is the structure map. 

Proposition 7.59. Let Lp : X ^ Y be a morphism in iF{G,Yo). Assume 
that N is separated and has a relative dimension d. If (p is a G-enriched 
principal N-bundle, then ux/y — 0vx- 

Proof. Let us consider the commutative diagram 


A 


exlx 


N X Xy X 



X 

Y 


in X(G,Xo). 

Note that (a) is cartesian, and ip is flat Gorenstein of relative dimension 
d. Now 


^ Gy — L(e x Gy — L(e x ljy)*'L*P2V^*Gy 

— L{e X 1x)*P2Gx — L{e x lx)*^{N>(.x)/x[d] = 0AxM]) 
and the result follows. □ 


The following is due to Knop |Knp when S 


braically closed held of characteristic zero. 


Spec k with k an alge- 


Corollary 7.60. Let f : G ^ H, N, Yq, and ly^ be as in fl7.47p . Let (p : X ^ 
Y be a G-enriched principal N-bundle which is a morphism in X(G,Xo)- A 
N is separated and has a fixed relative dimension, thencox — P*^y®Ox^*n x 
as (G, Ox)-modules, and ujy — {p*0Jx ®Oy ^n,y)^ o,s {H, Oy)-"modules. 

Proof. The hrst assertion follows immediately from |Has5| (28.11)] and Propo¬ 
sition 17.501 The second assertion follows from the hrst one and [Haslll 
(6.21)], using the equivariant projection formula |Has5| (26.4)]. □ 
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Lemma 7.61. Let f \ G ^ H, N, and Yq be as in fl7.47p . If N is finite and 
Reynolds, then Qn,Yo — particular, for any object Y of iF{G,Yo), 

Qn,y = Oy- 

Proof. Note that G acts on N by conjugation, and hence we can dehne the 
semidirect product G := G x N. Letting G act on Yq by the original action 
and N act on Yq as a subgroup of G, G acts on Yq. The group G acts on 
N by {g,n)n' = gnn'g~^. The hrst projection pi : Ny^ = N x Yq ^ Yq is a. 
G-enriched principal A^-bundle. As (G, Gyp)-modules, 

0 * _ rsj * r\j , .N 

N,Yo — ^Nyo^^I^Yq/Yo — ^NyoPiG) ^Nyq/Yo — ^Nyq/Yq 

= ROP R^SSk,ySONy,,Oy,) =MSmOySONy,,Oy,f 

= H0Bk,,„(O",„.Ov.) =mmOy„{Oy„,Oy,) = Oy,. 

Hence 07v,yo — ^Vo- The last assertion is trivial. □ 

8. Frobenius twists and Probenius kernels 

(8.1) In this section, S is an Fp-scheme, where p is a prime number, and 
Fp is the prime held of characteristic p, unless otherwise specihed. 

(8.2) Let us consider the ordered set Z as a category. For m,n E 7^, there is 
a unique morphism from m to n when m <n. Otherwise, Z(m, n) is empty. 

Let F-Schs be the category dehned as follows. An object of F-Sch^ 
is a pair {hx : X ^ S,n) with hx ■ X ^ S an F-scheme, and n G Z. 
The hom-set F-Sch 5 ((X, n), (H, m)) is empty if n < m. If n > m, then 
F-Sch 5 '((X, n), (Y, m)) is the set of morphisms ip : X ^ Y (not necessarily S- 
morphisms) such that Ly^P = Fg~"^hx, where Fg~'^ : S' —)• S' is the (n —m)th 
iteration of the (absolute) Frobenius morphism. Note that z/ : F-Sch^ —)■ Z°p 
given by iy(X,n) = n is a functor which makes F-Sch 5 a hbered category 
over Z°P. An object F-Sch 5 is called an (F, S')-scheme, and a morphism of 
F-Sch 5 is called an (F, S')-morphism. 

(8.3) For (F, S')-morphisms p : (X, n) ^ {Y,r) and h : iY',m) —)■ (F, r), 
the hber product (X, n) x (Y,r) in F-Sch^ does not exist in general. 

However, if S = Specfc with k a perfect held (of characteristic p), then it 
does exist. If S' is general and m = r, then it exists. It is (X Xy Y',n) with 
the structure map 

X XyY' ^ X ^ S. 
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Similarly, if n = r, then the hber product exists. 

(8.4) If M : S' —)■ S" is a morphism of Fp-schemes, then 

[hx : X —)■ S', n) {uhx : X —)■ S", n) 

is a functor from F-Schs to F-Sch 5 /. If n : S" —?• S' is a morphism of Fp- 
schemes, then {X,n) (S" X 5 X,n) is a functor from F-Schs to F-Schs'. 

( 8 . 5 ) A forgetful functor F-Sch^ —)■ Sch/Fp is given by (X, n) X. X is 
called the underlying scheme of (X, n). Sheaves and modules over (X, n) are 
those for its underlying scheme X. 

( 8 . 6 ) For n e Z, We denote the hber z/“^(u) by F-Schs'^„. Note that 
i : Sch / S —)■ F-Schg^o given by X 1 —)■ (X, 0) is an equivalence. We identify X 
with i{X) = (X, 0), and Sch/ S with F-Sch 5 ^o via i, and consider that Sch/ S' 
is a full subcategory of F-Sch 5 . 

(8.7) For r e Z, ^(?) : F-Sch 5 —)■ F-Sch 5 given by ^(X, n) = (X, u -f- r) 
and = (p is an autoequivalence of F-Sch 5 . ^(?) is also denoted by (?)*^“''h 
Thus we will write (X, r) by ’’X. 

In what follows, when we consider Frobenius maps, we work over F-Sch^. 
The advantage of doing so is, we may consider X^'"^ for artitrary r G Z not 
only for S = Spec A; with k a perfect held (as in |,Iant (9.2)]), but also for an 
arbitrary Fp-scheme S'. 

(8.8) A homomorphism h : A —)• F of Fp-algebras is said to be purely 
inseparable if for each b E B, there exists some e > 0 such that If’' G h{A). 
A morphism of Fp-schemes (p : X —)■ X is purely inseparable if it is affine, 
and for each affine open subset U of X, F(f/, X) —)■ F((p“^(t/), X) is purely 
inseparable. A purely inseparable morphism is a radical morphism, and hence 
is an integral morphism. 

(8.9) Let Z be an S'-scheme, r G Z and e > 0. Note that the absolute 

Frobenius map F| : —>■ Z is an (F, S')-morphism. 

An O^-module AT, viewed as an (Ar^-module (note that '^Z is X, when it 
is viewed as a scheme), is denoted by '’Ad. The structure sheaf "^Ox is also 
denoted by Orx- 

Let -i/ : X' —)■ X be an S'-morphism. The map ®+'’X' —)■ Xvz"^Z' given 

by z' !-)■ F^{z')) is denoted by <Fe(-Z’, X') or <he(V') for e > 0. Note that 
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is purely inseparable. By abuse of notation, we sometimes denote 

the map 

V^e(Z,Z') '■ Oe+rZxrz^Z' ”^ ^e{Z, Z') ^Oe+r Z' 

by ^eiZ,Z') or $e- ^e{S,Z) is denoted by ‘he(-Z^), and is called the eth 
relative Frobenius map or the S-Frobenius map of Z. 

$e is a natural transformation between the functors from the category of 
morphisms in Sch / S to the category F-Sch^^^+e, as can be seen easily. 

Lemma 8.10. If G is an S-group scheme, then ^e{G) : ^ '^S Xs G is a 

homomorphism of ^S-group schemes. Similarly, ‘he(G) : G —)■ S' Xg{e) is 
a homomorphism of S-group schemes. 

Proof. The hrst assertion is the consequence of the commutativity of the 
diagram 




^- ec Xes -G^^{^s Xs G) x.s {^s Xs G) -. 




= (GX 5 G) 

'"/^G 

- 


= ^X5(GX5G) 

lX^lG 

^^S XsG^ 


eG 


The second assertion is also proved similarly. □ 

(8.11) For a G-scheme Z, is an ®G-scheme. Also, ^S XsZ is an '^S' x^G- 
scheme, and hence it is also an ®G-scheme through <Fe(G). It is easy to see 
that ^e{Z) : —)■ ®S X 5 Z is an "^G-morphism. 

The kernel of ‘Fe(G) : G —)■ S' x^(e) G’^^i is denoted by Ge, and is called 
the eth Frobenius kernel of G, see |Janl (1.9.4)] (for the case that S = Spec k 
with k a perfect held). It is an S'-subgroup scheme of G. The kernel of 
$e(G) : ®G —>■ ®S' X 5 G is ®Ge. We may also call ®Ge the Frobenius kernel, 
by abuse of terminologies. 

Lemma 8.12. Let V and W be locally Noetherian Fp-schemes, and fj \V ^ 
W a smooth morphism with relative dimension d. Then <Fe(hF, \4)*(Gey) is 
a locally free sheaf of x^V of rank 

Proof. The question is local both on V and W, and we may assume that 
V = Spec B and W = Spec A are both affine, and that there is a factorization 


















A ^ C = A[xi,... ,Xd\ B such that (7 is a polynomial ring on d variables 
over A, and B is etale over C (see [Mill (1.3.24)]). It suffices to show that ^B 
is a projective ®y4®A-B-niodule of rank By [H^ (33.5)], ^B = ^C®cB, 
and hence we may assume that B = C. In this case, ^A®aB = ..., x^], 

and ^B = ®y4[®xi,..., ^x^]. So ^B is a free ^A i?-module with the basis 

{^x^i ■ ■ ■ ^x^^ I 0 < ii,..., irf < p®}. □ 

Lemma 8.13. Let G he an S-group scheme and N its normal subgroup 
scheme. Let 'ijj : V ^ W be a G-enriched principal N-bundle, and assume 
that S and N are locally Noetherian, and N is regular over S {that is, flat 
with geometrically regular fibers). Then ^e{W,V) : —)■ Xw V is an 

^G-enriched principal ^N^-bundle. 

Proof. It is obvious that <I>e(Ih, I^) is an ®(7-morphism. So it suffices to prove 
that <he(hh, V) is a principal ®iVe-bundle, assuming that G = N. Since N is 
flat over S, f is fpqc. 

Let W be the S'-scheme V with the trivial A^-action, and h : W —?• W 
be fi. Then since "0 is a principal A^-bundle, the base change ip' : V ^ W 
of "0 by h is a trivial iV-bundle. As the base change 

$e(IT, V)' :W'xw"V lY'xwi^Wxw V) 

is identihed with ^e{W, V) = ^e{f) (see |Has21 Lemma 4.1, 4]), it suffices 
to prove that <I>e(hL', V^') is a principal ®A"e-bundle by |Haslll (2.11)], since 
h is fpqc. 

As f is a trivial bundle, is identihed with Iw' X 4>e(A^). By 

[Haslll (2.11)] again, it suffices to prove that $e(A^) ^ Xs N is 

a principal ®A'"e-bundle. By the theorem of Radu and Andre [Rad], [And] . 
|Dumj ■ ^e{W, y) = ®e(A^) is flat. Being a homeomorphism, it is fpqc. Note 
that Ker<I)e(A^) = ®A^e- Being an fpqc homomorphism, $e is a principal 
®Ai"e-bundle (as in |Hasll[ (6.4)]), as required. □ 

9. Semireductive group schemes 

Lemma 9.1. Let A <Z B be a finite extension of commutative rings. A is 
Noetherian if and only if B is Noetherian. A is Noetherian F-finite if and 
only if B is Noetherian F-finite. 
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Proof. If A is Noetherian, then B is Noetherian by Hilbert’s basis theorem. 
The converse is known as Eakin-Nagata theorem [Mat! Thereom 3.7]. 

We prove the second assertion. If A is F-£nite, then B is F-£nite, since 
B is F-£nite over A |Has81 Lemma 2, Example 3]. We prove the converse. 
We have A^ G B^ G B, and B^ is finite and B is H^-hnite, where A^ = 
{a^ I a G H} = Fa{A) G A {Fa is the Frobenius map). So B is H^’-hnite. 
As AP is Noetherian and A is a submodule of the hnite A^-moduIe B, A is & 
hnite A^-moduIe, and A is F-£nite. □ 

Lemma 9.2. Let k be a field of characteristic p > 0, and G a finite group. 
Then there exists some e > 0 such that for any finite dimensional G-module 
V and any v G \ {0}, there exists some h G Sym^e V* such that h{v) = 1. 

Proof. Let P be a Sylow p-subgroup of G of order p^. Let Ui,..., cr„ be a 
complete set of representatives of G/P. Note that n is invertible in k. Let 
^ V* he any element such that 'ip{v) = 1. Then h = n~^ Ym=i Y\g^p9'4^ 
is the desired element. □ 

(9.3) Let fc be a held of arbitrary characteristic, and G be an affine alge¬ 
braic fc-group scheme. We say that G is semireductive if is (connected) 
reductive, where k is the algebraic closure of k, and G = k®kG. That is, the 
radical of Gred is a torus. We say that G is a semitorus if G°gj is a torus. Note 
that a semireductive and linearly reductive are equivalent in characteristic 
zero. A linearly reductive affine algebraic /c-group scheme in characteristic 
p > 0 is a semitorus, as can be seen easily from Nagata’s theorem |Nag[ 
Theorem 1]. See also |Swe2] . 

Lemma 9.4. Let k be a field of arbitrary characteristic, and G a semireduc¬ 
tive affine algebraic k-group scheme. Let B be a G-algebra, and I a G-ideal. 
Then for each b G (B/I)^, there exists some r such that P G B^/. More 
precisely, 

1 If the characteristic of k is zero, r can be taken to be 1. 

2 If the characteristic of k is p > h, then r can be taken to be a power of 

p. 

3 In 2, if G is a semitorus, then there exists some cq which depends only 
on G and independent of B or b, such that r can be taken to be p^°. 
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In case 2, is purely inseparable over B'^/. In any case, the canon¬ 

ical map Spec(-B//)‘^ —)■ Spec(i?‘^//‘^) is a universal homeomorphism. 

Proof. We may assume that k is algebraically closed. If the characteristic of 
k is zero, then G is linearly reductive, and B^ —)• {B/I)^ is surjective, and 
the assertion 1 is obvious. So we may assume that the characteristic is p > 0. 

Take c G 5 such that c modulo I equals b. Let e > 0 be the number 
such that GjGe is reduced (hence is smooth and is isomorphic to G^ed)- 
Note that the connected reductive group G°gd over the algebraically closed 
held k is dehned over Fp (see |Janl (II. 1)] and references therein), and hence 

(^red)° = (^red)*''^^ — ^red reductive. It is easy to see that G Note 
that we can take this e depending only on G. Replacing 6 by 6^'", R by 
I by and G by G/G, = G^, we may assume that G is smooth. 

Then by Haboush’s theorem (the Mumford conjecture) |Janl (II. 10.7)] 
and |MuFKl (A. 1.2)], we have that there exists some e such that If'' is in 
(R^7jG°)Wg° The choice of e may depend on b this time, but if 3 is 
assumed, then G° is a torus, which is linearly reductive, and we can take 
e = 0, which depends only on G. 

Then replacing G by G/G°, we may assume that G is a hnite group. This 
case is proved by the same proof as in |MuFK( (A. 1.2)], using Lemma 1?^ □ 

Lemma 9.5. Let k be afield of arbitrary characteristic and G a semireductive 
k-group scheme, and (p : X ^ Y be an algebraic guotient by G. Then tp is 
a universally submersive categorical guotient. If, moreover, tp is a geometric 
guotient, then it is universally open. 

Proof. We may assume that k is of characteristic p > 0 by |MuFK( Theo¬ 
rem 1.1]. In the proof of |MuFKl Theorem A. 1.1] in Appendix to Chapter 1, 
C., it is proved that p is a submersive categorical quotient. We prove the 
first assertion. We only need to prove that p is universally submersive. So 
we may assume that Y = Spec A is affine. Then R = SpecR is also affine 
and A = B^. It suffices to show that for any A-algebra A', the base change 
X' = Spec B' —)■ Spec A' = Y' is submersive. 

There is a sequence of maps 

A^ A" ^ A' 

such that a is flat and fi is surjective. Indeed, for each a G A', consider 
a variable Xa, and set A" = A[xa | a G A']. Then [B")^ = A", where 
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B” = A" ®A B. So we know that ip" = X" = SpecS" ^ Spec A" = Y" is 
submersive. So replacing A by A", we may assnme that A ^ A' = A/1 is 
surjective. 

We want to prove that the canonical map 7 : Z' = Spec{B')^ —)■ Spec A' = 
Y' is a homeomorphism. As we know that (p is surjective, ip' : X' = 
SpecB' Spec A' = Y' is also surjective. As p' factors through 7 , we 
have that 7 is surjective. On the other hand, by Lemma [9.41 A' —)■ {B')'^ is 
purely inseparable. Thus 7 is injective and closed, and hence is a homeomor¬ 
phism. As 5 \ X' = Spec!?' —>■ Spec(i?')^ = Z' is known to be submersive, 
p' = 7 ^ is also submersive. 

Now the last assertion follows from Lemma [1.111 □ 

Lemma 9.6. Let k he a field, and G an affine algebraic k-group scheme. Let 
B be a Noetherian G-algebra. Set A := B^. Assume either 

a k is of characteristic zero and G is semireductive; 

h k is a field of characteristic p > t], G is a semitorus, and B is F-finite; 
or 

c k is a field of characteristic p > t), G is semireductive, and there is a 
Noetherian k-algebra R and a k-algebra map R ^ A such that B is of 
finite type over R. 

Then 

1 For any B-finite {G, B)-module M, is a finite A-module. 

2 A is Noetherian. 

3 If G is finite, then B is finite over A. 

4 In the case of h, A is F-finite. 

5 In the case of c, A is of finite type over R. 

Proof. We prove the lemma by the Noetherian induction. The cases are 
divided, and when we consider the case b (resp. c), the inductive hypothesis 
5 (resp. 4) will never be used. 

We may assume that for any nonzero G-ideal I of B and any {G,B/I)- 
module M, is {B/Iffi-finite, {B/lffi is Noetherian, and if b is assumed. 
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is F-finite. If c is assumed, then we may assume that is of 

hnite type over R. 

Consider the case that b is assumed. Note that there exists some cq such 
that {{B/lf)P"° C B^/I^ C (B/If by Lemma EH 3. As (B/I)^ is F- 
hnite, {B/I)^ is a hnite B^/I^-modvle for any nonzero G-ideal I of B. If c 
is assumed, then we have that {B/I)^ is integral over B^/ by Lemma 19.41 
2 . As we assume that {B/I)^ is of hnite type over i?, {B/I)^ is hnite over 
B^/I^. If a is assumed, then B '^/= (B/I)^ by the linear reductivity, 
and obviously (B/I)^ is B^/finite. Thus (B/I)^ is hnite over B^ /in 
either case. 

In either case, we have that B^/I^ is a Noetherian ring by Lemma [ 9.11 
Also by the induction hypothesis, is a Noetherian A-module if M is a 
F-hnite {G, i?)-module with ann M ^ 0. 

We prove that for any F-hnite (G, i?)-module M, is a Noetherian 
A-module. This proves 1 and 2. 

If B is not a G-domain (see |HasMj ) and JJ = 0 for some nonzero G-ideals 
/ and J, then 

0 ^ (JM)^ ^ {M/IMf 

is exact and and (M/IM)^ are Noetherian A-moduIes (since J and 

I respectively annihilate IM and M/IM), is a Noetherian A-module. 

So we may assume that 5 is a G-domain. We prove that is a Noethe¬ 
rian A-moduIe by the induction on the length of Mp, where P is any hxed 
minimal prime ideal of B. 

By a G-torsion submodule of M, we mean a (G, F)-submodule of M 
whose annihilator is nonzero. We dehne the G-torsion part Mtor of M to be 
the sum of all the G-torsion submodules of M. Note that Mtor is the largest 
G-torsion submodule of M. As (Mtor)^ is a Noetherian A-module and 

0 —)■ (Mtor)^ —)■ (ikf/Mtor)^ 

is exact, replacing M by M/Mtor, we may assume that M is G-torsion-free, 
that is, M does not have a nonzero G-torsion submodule. 

If = 0, then is a Noetherian module. If ^ 0, then there is an 
injective (G, F)-hnear map B —)■ M. As (M/B)^ is Noetherian by induction, 
it suffices to prove that A = B^ is a Noetherian A-moduIe, that is, A is a 
Noetherian ring. 

Let J be an ideal of A. We want to show that J is hnitely generated. 
If J = 0, then J is hnitely generated. So we may assume that J 7 ^ 0. Let 
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a G J \ {0}. Since aB is a nonzero G-ideal of B and i? is a G-domain, we 
have that 0 \b ciB = 0. That is, a is a nonzero divisor in B. So B G B[a~^], 
and hence A = B^ = B A B[a~^]^. So if c = a 6 G aB fl A, then b = ca~^ G 
B n B[a~^]^ = A. So c G aA, and we have that (aB)^ = aB D A = aA. 
Hence A/aA is a Noetherian ring, and J/aA is hnitely generated. Hence J 
is hnitely generated, as desired. 

Next, we prove 3. Let Bq be the fc-algebra B with the trivial G-action. 
Then the coaction ujb '■ B ^ Bq® k[G] is a G-algebra map. Thus Bq 0 k[G] 
is a H-£nite (G, H)-module. Clearly, {Bq 0 k[G])^ = Bq ® k = Bq as A- 
algebras, and Bq is isomorphic to B as H-algebras, as can be seen easily. On 
the other hand, Bq = {Bq 0 fc[G])^ is H-£nite by 1. Thus B is H-£nite, and 
3 has been proved. 

So the case a has been completed, because 4 and 5 are trivial in this case. 

If c is assumed, then Speci? —)■ SpecH is universally submersive by 
Lemma 19.51 Now the assertion 5 follows from 2, which has already been 
proved, by |Alp ( 6 . 2 . 1 )]. So the proof of c^l,2,3,5 has been completed (as 
we have emphasized, we have not used the inductive hypothesis 4 for the 
case c at all). 

If G is hnite, then 4 follows from 3 and Lemma [9. II 

Thus the lemma has also been completely proved for the case that G is 
hnite. 

We prove the lemma for the general case. It suffices to prove 1, 2, 3, 4 
assuming b. 

Replacing k by its hnite purely inseparable extension, we may assume 
that Gred is fc-smooth. Then for some e > 0 , G/Gg = 0 ^.^= G^^^ is k- 

smooth, see for the notation on the Frobenius twist, see section [121 Note 


^red — ^red- torus G°gj is dehued over 


he) 


that k 0fc (G/Gg) = k ^ 

Fp, we have that G/Gf. is a semitorus. As the lemma is already proved for 
the hnite group scheme Gg, replacing G by G/Gg, we may assume that G is 
smooth. 

Next, replacing k by some hnite Galois extension, we may assume that 
G° is a split torus. If the lemma is proved for the split torus G°, then as 
the lemma is already proved for the hnite group scheme G/G°, the proof of 
the lemma completes. Thus we may assume that G is a split torus. Then 
replacing k by Fp, we may assume that k = Fp, which is perfect. Then the 
absolute Frobenius map F : G ^ G*-^^ is a faithfully hat homomorphism of 
fc-group schemes by the theorem of Kunz |Knn2[ Theorem 2.1], G acts on 
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and by Lemma 14.151 

Now we repeat the inductive argument above. Then as above, we reach 
the situation that 1, 2, 3 are already proved, and we prove 4. Then 1, 2, 3 
are also true for the action of on B'^^\ Hence 1, 2, 3 are also true for 
the action of G on through the Frobenius map G —)■ 

As H is a H^^^-hnite (G, H*'^^)-module by F-£niteness, A = B^ is a hnite 
^(i)_module by 1, which has already been proved. Now by induction, we have 
proved 1, 2, 3, 4 for the case b. This finishes the proof of the lemma. □ 

Chapter 1. Main Results 
10. Almost principal fiber bundles 

( 10 . 1 ) Let / : G —)■ Lf be a qfpqc homomorphism of S'-group schemes with 
N = Ker/. 

Definition 10.2. A diagram of G-schemes 

X 1/^^ Y 

is said to be a G-enriched rational n-almost principal N-bundle if the follow¬ 
ing six conditions hold. 

1 N acts on Y trivially. 

2 i is an open immersion. 

3 j is an open immersion. 

4 i{U) is n-large in X. 

5 j{V) is n-large in Y . 

6 p is a G-enriched principal A-bundle. 

A G-enriched rational n-almost principal G-bundle is simply called a rational 
n-almost principal G-bundle. In these dehnitions, we may simply say ‘almost’ 
instead of saying ‘ 1 -almost.’ 
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Definition 10.3. A G-morphism (p : X —)■ F is said to be a G-enriched 
n-almost principal N-bundle with respect to U and id if t/ is a G-stable open 
snbset of X and V is an if-stable open snbset of Y, (p{U) C V, and 

A i/^^ Y 

is a G-enriched rational n-almost principal X-bnndle, where p : U ^ V is 
the restriction of (p, and i and j are inclnsions. We simply say that ip is 
a G-enriched n-almost principal X-bnndle, if it is so with respect to some 
U and V. We may omit the epithet ‘G-enriched’ if G = X. We may use 
‘almost’ as a synonym of ‘1-almost.’ 

Lemma 10.4. Let S be a scheme, and h ■. M ^ N be a morphism of S- 
schemes. Then the following conditions are equivalent. 

1 h is qfpqc. 

2 For any S-scheme W and an S-morphism a : W ^ N, there exists 

some qfpqc morphism /3 : W —)■ W such that aft G N{W') is in the 
image of h{W') : M{W') N{W'). 

Proof. 1^2. Replacing M if necessary, we may assume that h is fpqc. Let 
W' = M Xisf W, and \ei (3 : W ^ W be the second projection, and let 
7 G M{W') be the first projection. Then hy = aft is in the image of h{W'). 

2^1. Let a be the identity morphism of N. Then there exists some 
qfpqc morphism 7 : W' —)■ M such that ft = h'y ■. W —)■ X is qfpqc. Thus h 
is also qfpqc, as desired. □ 

Lemma 10.5. Let h -. M ^ N be a qfpqc monomorphism of S-schemes. 
Then h is an isomorphism. 

Proof. Letting W = X in Lemma 110.41 2, there is a qfpqc morphism ft : 
W' —)■ X which is in the image of h(W') : M(W') —)■ N{W'). Replacing 
ft if necessary, we may assume that ft is fpqc. There is 7 G M{W') such 
that hy = ft. Let pi : W' W' ^ W' be the Rh projection. Then 
hypi = ftpi = ftp 2 = h'yp 2 . As h is a monomorphism, ypi = 7^2- By |Visl 
(2.55)], there is (7 : X —)■ M such that gft = 7. Then hgft = hj = ft. By 
[Haslll (2.9)] (or by |Visl (2.55)] again), hg = Ijv- So hgh = l^h = LIm- 
As h is a monomorphism, gh = 1 m- So g = h~^, and h is an isomorphism, 
as desired. □ 
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(10.6) Let E be an S'-group scheme, and G its snbgronp scheme. Let 
/ : G —>■ 7L be a qfpqc homomorphism between S'-gronp schemes, and N := 
Ker /. Assnme that G and N are normal m E. As G is normal m E, E acts 
on G by the conjugation. That is, the action is given by {a^g) i—)■ aga~^ for 
a E E and g E G. 

Lemma 10.7. Let the notation he as in fllO.61) . There exists a unique action 
of E on H such that f is an E-morphism. The action is by group automor¬ 
phisms. 

Proof. Consider the following diagram. 


IfiXpi 

ExG XhG ^Ex G 




Ex H 




“G 

G- 


/ 


: ajf 

y 


H 


We want to hnd a unique arrow an such that the diagram is commutative. 
As the representable functor H = Homsch/ 5 (?; H) is a sheaf with respect to 
the fpqc topology |Visl (2.55)], H{E x H) is the difference kernel of 


(IfiXpi)* 

H{E X G) H{E xGxhG) . 

(l£Xp2)* 


So Oh which makes the diagram commutative is unique. 

To show the existence, it suffices to show that fadlE x pi) = fadlE x 
P 2 ). Let b E E, and ((y' 1 , 5 ' 2 ) ^ G Xh G. Then 


ifaci^E X pi){b,gi,g2)){faG{lE x P2)(&,^ 1 ,^ 2 )) ^ = 

{faG{b,gi)){faG{b,g2))~^ = = f{bgigf^b-^). 

As gigf^ E N and N is normal in E, f{bgigf^b~^) is trivial, and we have 
faG{lE X pi) = faG{lE X P2). 

We show that the action an is by group automorphisms. We want to 
show that the two maps ai,a 2 ■ E x H x H ^ H given by ai{b, hi, h 2 ) = 
b ■ {hih 2 ) and a 2 {b,hi,h 2 ) = {b ■ hi){b ■ ^ 2 ) agree. As the qfpqc morphism 
lExfxf-.ExGxG^ExHxH is an epimorphism, it suffices to prove 
that ai{lE X f X f) = a 2 {lE X f X f). This is left to the reader. □ 
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Lemma 10.8. Let E, G, f \ G ^ H, and N he as in fllO.Op . Let X, Y, and 
Z be E-schemes. Let (p : X ^ Y be a G-morphism which is N-invariant. Let 
ip : Y ^ Z be an H-invariant morphism. Consider the following conditions. 

Si pi is an E-enriched principal N-bundle. 

h ip is an E-enriched principal H-bundle. 

c ipip is an E-enriched principal G-bundle. 

Then we have 

1 a and b together imply c. 

2 a and c together imply b. 

3 If ip is an E-morphism, then b and c together imply a. 

Proof. 1. First, we prove that 'he '. GxX^XxzX given by = 

{gx,x) is a monomorphism. That is, ^^(hF) : G{W)xX{W) —)■ X{W)xz{w) 
X{W) is injective for any F-scheme W. Let {g,x), {gi,Xi) G G{W) x X{W) 
such that \l/G(hF)( 5 f,x) = G{W){gi,x\). Then x = xi, and gx = gix. 

Letting gf^g = u, ux = x. As f{u)ip{x) = ip{x) and hence nie, ip{x)) = 
H{f{u),ip{x)), we have that f{u) = e by b. That is, uG N. 

As \l/ 7 v(e,x) = '^]\f{u,x), we have m = e by a, and hence Tg is injective. 

Next, we prove that for any (x',x) G X{W) Xz{w) X{W), there exists 
some qfpqc morphism a : W —)■ W such that {x'a,xa) G X{W') Xz(w') 
X{W') is in the image of ^g{W'). 

Note that {(px',ipx) G YfW) Xz(w) Y{W) is in the image of T//(hF). 
That is, there exists some h G H{W) such that hipx = ipx'. As f : G ^ H 
is qfpqc, there exists some qfpqc morphism (3 : W —)■ W and g G G{W') 
such that f{g) = h/3. Then we have ip{g{x/3)) = ip{x'/3). As {g{x(3),x'/3) G 
X{W')xy{w')X{W') is in the image of \I/Ar(hF'), there exists some n G N{W') 
such that ng{x/3) = x'/3. This shows that = {x'(3,x(3), and hence 

the image of (x', x) in (X xzX){W') is in the image of TG'(hF'). Hence Tc is 
qfpqc by Lemma [10.41 Being a qfpqc monomorphism, Tc is an isomorphism 
by Lemma 110.51 As ip and ip are qfpqc F^-morphisms, ipip is a qfpqc iso¬ 
morphism by |Hasll[ (2.3)]. By |Visl (4.43)], ipip is an FO-enriched principal 
G-bundle. 

2. Let W be any F-scheme, y G Y{W), h G H{W) such that hy = y. 
Then there is a qfpqc morphism [3 : W —)■ IF, x G X(IF'), g G G(IF') such 
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that (p(x) = y{3 and f{g) = h/3. Thus f{g){ip{x)) = (p{x). This implies 
{gx,x) e X{W') Xy(w') X{W'). So there exists some n e N{W') such that 
{nx,x) = {gx,x). As Tc is a monomorphism, g = n & N{W'). Hence 
hf5 = f{g) = e = e/?. As jS is an epimorphism, h = e, and hence is a 
monomorphism. 

Next, let {y', y) G Y{W) ^z{w) H(1T). Take an fpqc morphism j3 : W ^ 
W, x' e X{W'), X e X{W') such that (p{x') = y'(3 and ip{x) = yf3. As 
'^g(W) is bijective, there exists some g G G{W') such that gx = x'. Then 
'^H{fg,y(3) = {y'(3,y(3). By Lemma [10.51 is an isomorphism. As 'ip(p is 
qfpqc, V’ is qfpqc. As xlup is an A'-morphism and (p is a qfpqc i?-morphism, 
it is easy to see that V’ is an i?-morphism. Thus is an i?-enriched principal 
//-bundle. 

3. Consider the diagram 


GxX' 


“G.X 


/Xlx 


(a) 


H xX^-^HxY^^ 


X , 

Y 


P? (b) 


A 





(c) 

b 


Ip 

Z 


where and are the second projections. It is easy to check that the 
diagram is commutative. As V’ is a principal //-bundle, the square (c) 
is cartesian. Similarly, as is a principal G-bundle, the whole square 
((a)-|-(b)-|-(c)) is also cartesian, (b) is also cartesian, and hence it is easy 
to see that (a) is cartesian. On the other hand, letting N act on H x X 
trivially and on G x X by n{g, x) = [ng, x), (a) is a commutative diagram of 
A-schemes. 

As / X lx is a principal A-bundle and it is a base change of ip by 
which is qfpqc, we have that <p is also a principal A-bundle by [Haslll (2.11)]. 
As we assume that ip is an //-morphism, we have that ip is an //-enriched 
principal A-bundle. □ 


(10.9) In Lemma 110.81 3, the assumption that <p is an //-morphism is 
indispensable. Let S = Spec k = Z with k a held, Y = H = N = Eq ='L/2'L 
(the constant group), X = G = HxN,ip = f:G^H the hrst projection, 
and E = Eq X G. Let E act on X by {eo,h,n){h',n') = {eohh',nn') for 
Co G Eq and {h,n), {h',n') G G. Let E act on Y by (cq, h,n)y = hy, and on 
Z trivially. Then b and c are satished, but <p is not an //-morhphism. 
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Lemma 10.10. Let 'ip : Z' ^ Z be a flat morphism of schemes, and W <Z Z 
he an open subset. Set W := 

1 If W is n-large in Z, then W is n-large in Z'. 

2 Assume that is gfpgc, and that Z' is locally Krull. If W is large in 
Z', then W is large in Z. 

3 Assume that tp is gfpgc, and that Z' is locally Noetherian. If W is 
n-large in Z', then W is n-large in Z. 

Proof. 1. Let z' G Z'\W'. Then 2 ; := G Z\W, and hence dAmOz^z > n. 
As the going-down theorem holds between Oz^z and Oz',z' by flatness, we 
have dim Oz',z' > dim Oz,z > n, and hence W is n-large in Z'. 

2, 3. The question is local on Z, and we may assume that Z = Spec A is 
affine. Replacing Z', we may assume that Z' = Spec A' is also affine. Note 
that A' is faithfully flat over A. 

We prove 2. A' is locally Krull. As A' is a finite direct product of Krull 
domains, so is A by |Has9t (5.8)]. So we may further assume A is a domain. 
Then the result follows from jH^ (5.13)]. 

We prove 3. A' is Noetherian. Then A is also Noetherian. Let P G Spec A 
with ht P < n. If P' is a minimal prime of the ideal PB, then ht P' < n by 
|Matl Theorem 15.1]. So the assertion follows. □ 

Remark 10.11. Let A be the DVR k[y](^yp B the DVR k{y)[x](^x): nnd A' := 
A -|- xB. Note that A' is the composite of B and A |Matl section 10]. Set 
Z' := Spec A', and Z := Spec A. Let W = Z \ {(?/)} = D{y) C Z. Let 
"0 : Z' —)■ Z be the morphism associated with the inclusion A ^ A'. Then 
although A is a DVR and A' is a valuation ring faithfully flat over A, the 
conclusion of 2 or 3 in fllO.lOp does not hold. So the Noetherian or Krull 
hypothesis on A' is indispensable. 

Lemma 10.12. Let f : G ^ H be a gfpgc homomorphism between S-group 
schemes with N = Kerf, and (p : X —)■ V a G-morphism which is N- 
invariant. Let U <Z X and V <ZY be open subsets. Let h \Y' ^ Y he a flat 
G-morphism such that Y' is N-trivial. Let ip' ■. X' ■.= Y' Xy X ^ Y' he the 
base change, and set U' = Y' Xy U, and V = Y' Xy V. Then 

a If if is a G-enriched n-almost principal N-bundle with respect to U and 
V, then ip' is a G-enriched n-almost principal N-bundle with respect to 
U' and V. 
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b Assume that h is fpqc, and that both X' and Y' are locally Krull {resp. 
locally Noetherian). If ip' is a G-enriched almost {resp. n-almosf) prin¬ 
cipal N-bundle with respect to U' and V, then p is a G-enriched almost 
{resp. n-almosf) principal N-bundle with respect to U and V. 

Proof. Clearly, p' is also a G-morphism which is A^-invariant. 

a Let p : U —)■ C be the restriction of p, and p' -. U' ^ V be its base 
change. Each of the six conditions in Dehnition 110.21 for X', p' ■. U' ^ V' 
and U' is proved nsing the corresponding condition for X, p : U ^ V and U. 
This is trivial for the conditions 1, 2, and 3. The conditions 4 and 5 follow 
from Lemma [10.101 1. The conditions 6 follows from [Haslll (2.7)]. 
b The image of the composite 

G xU' ^ G X X' ^ X' ^ X 

is contained in U by assnmption. This map agrees with 

GxU' G xU ^ G X X ^ X. 

As 1 X h\u' is faithfnlly flat and hence is snrjective, U is G-stable. Similarly, 
V is iL-stable. 

Now we check the six conditions in Dehnition IIP.21 for X, p : U ^ V and 
U. The conditions 1, 2, 3 are assnmed. 

4 and 5 are the conseqnences of Lemma riO.lOl 2 (resp. 3). 6 follows from 
IHaslll (2.11)]. □ 

Theorem 10.13. Let G be a quasi-compact quasi-separated fiat S-group 
scheme, and p : X ^ Y a quasi-compact quasi-separated almost principal 
G-bundle. Assume that X is locally Krull. Then the following are equivalent. 

1 The canonical map fj : Oy —^ {p*Ox)'^ is an isomorphism. 

2 Y is a locally Krull scheme. 

Proof. By Lemma 12.211 2, the qnestion is local on Y, and hence we may 
assnme that Y is affine. So X is qnasi-compact qnasi-separated, and 1^2 
follows from [HasOl (6.3)]. 

We prove 2^1. Let p be an almost principal G-bnndle with respect to 
i : U X and j : V ^ Y. Let p : U ^ V he the restriction of p, which is 
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a principal G-bundle. Then applying Lemma [2.211 3 to the cartesian square 




X 


V- 


j 


Y 


the result follows if fj : Oy —>■ is an isomorphism, where tp' : 

p~^{y) —1/ is the restriction of (p, and i' : p~^{y) —?• X is the inclusion. So 
we may assume that V = Y (and hence p~^{y) = X). As rj : Ox —>■ i*Ou is 
an isomorphism by |Has91 (5.28)], it suffices to show that the composite 

Oy ^ {p*Ox)^ ^ {(p^i^Ou)^ = {p^Ou)^■, 

which equals fj for p, is an isomorphism. As p is a principal G-bundle, this 
is IHaslll (5.31)]. □ 

Example 10.14. Theorem 110.131 can be used to check that a candidate of 
the invariant subring is certainly the one. 

Let S = SpecC, X = A^, Y = A^, and G = Ga = SpecC[r]. Let G act 
on X by t{xi, X2, x^, x^) = (xi + tx2, X2, x^ + tx^, 0:4). Let p : X —)■ F be the 
map given by p(xi,X2,X3,X4) = (x2, X4, X1X4 — X2X3). Let B = V{X,Ox) = 
C[6,6 ,^4], and A = r(y, Oy) = C[^2, ^4, w], where ^*(0:1,0:2, X3, X4) = x^, 
and w = ^1^4 — ^2^3- Then it is easy to verify that p is G-invariant. Let 
^ = ^(6,^4) = b' \ ^(^2,^4), and [/ = p-\V) = X \ V(^2,a)- Obviously, 
F is a large open subset of Y, and f/ is a large G-stable open subset of X. 
Let p : 1 / —> V he the restriction of p. Since B[^2^] = A[^^^][—,^^^,^1] and 
t{—^2^^i) = —'C2"^'Ci + t^ SpecSpecA[^^^] is a trivial G-bundle. 
Similarly, Spec i?[.^4r^] —)■ SpecA),^^!^] is also a trivial G-bundle, and hence 
p ■. U —)■ F is a principal G-bundle. 

Hence : X —)■ F is an almost principal G-bundle with respect to U and 

F. By Theorem 110.131 we have that A = B^. So p is an algebraic quotient. 

Note that p is not surjective. Indeed, (0, 0,1) is not in the image of 
p. This also shows that p is not a categorical quotient. Indeed, if p is a 
categorical quotient, then letting IF = F \ {(0, 0,1)}, V’ : -A —)■ IF the same 
as p, and m : IF F the inclusion, we have that p = up'. By Lemma 17.21 
u must be an isomorphism, and this is absurd. 
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11. The behavior of the class groups and the canonical modules 
with respect to rational almost principal bundles 

(11.1) Let / : G —>■ iL be an fpqc homomorphism between flat S'-group 
schemes with N = Ker /. 

Theorem 11.2. Let 


X 1/^^ Y 


be a G-enriched rational almost principal N-bundle. Assume that both X and 
Y are locally Krull. Then i*p*j* : Ref(iL, T) —)■ Ref(G,X) is an equivalence, 
and is its quasi-inverse. This equivalence induces an equivalence 

Rein{H,Y) = Refn(G,X) for each n > 0, where ReR denotes the category 
of reflexive modules of rank n. It also induces an isomorphism Cl{H,Y) = 
C\{G,X). 

Proof. This follows immediately from [HaslR (7.4)] and |Has9[ (5.31)]. □ 

Lemma 11.3. Let ip : X ^ Y be a G-enriched almost principal N-bundle 
with respect to the open subsets U and V. Let i : U ^ X and j : V ^ Y 
be the inclusion, and p : U the restriction of p. Assume that X and Y 
are locally Krull. Then the equivalence i^p*i* agrees with (J)**p* as functors 
from Ref {H,Y) to Ref(G,X), and is independent of the choice of U or V. 
Its quasi-inverse (j*p*R?)^ agrees with ((^*7)-^ as functors from Ref(G, X) 
to Ref {H,Y), and is also independent of U or V. 

Proof As functors from Ref{H,Y) to Ref(G, A), 


{7y*p* ^ ij*{7y*p* ^ iyiy*i*p* ^ iyiy*p*j* = Lp*j* 

by |Has9l (5.28), (5.20), (5.9)]. As functors from Ref(G, A) to Ref(i7, T), 


= (?) Vm* = (?)"j*P*R. 


N, 


□ 

Corollary 11.4. If p ■. X ^ Y is a G-enriched almost principal N-bundle, 
and X and Y are locally Krull, then (?)^ o p^ : Ref(G, A) —)■ Ref(if, T) is 
an equivalence, and (?)** op* : Ref(i 7 , T) —)■ Ref(G, A) is its quasi-inverse. 
In particular, [p^,Ox)^ — Oy in Ref(i 7 , T). This equivalence also induces 
an isomorphism Cl{H,Y) = C 1 (G, A). □ 
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In the next theorem, consider that G = N and f:G^H = e = S is 
the trivial homomorphism. 

Theorem 11.5. Let G be a flat S-group scheme, and let 

X Y 

be a rational almost principal G-bundle. Assume that both X and Y are 
locally Krull, X is quasi-compact quasi-separated, and Y is quasi-compact. 
Assume that p is quasi-compact {e.q., G ^ S is quasi-compact) and univer¬ 
sally open {e.q., G ^ S or p is locally of finite presentation). Then there is 
an exact sequence 

0 ^ Oi) ^ Cl(y) ^ C1(X)° ^ Oi), 

where Cl(X)'^ is the subgroup of Cl{X) consisting of[Ai] with M. G Refi(X)'^, 
where Refi(X)‘^ is the full subcateqory o/Qch(X) consisting of rank-one re¬ 
flexive sheaves A4 such that a*A4 = p^AA in Refi(G xX), where a : GxX ^ 
X is the action, and p 2 : G x X ^ X is the second projection. 

Proof. Let C be the set of quasi-compact large open subsets of V. Let Vi 
be the set of quasi-compact large open subsets of U. Let V be the set of 
G-stable open subsets Z of U such that Z &Vi. 

First, for Zi G T>i, we have that p{Zi) G C. Indeed, as p is universally 
open, p{Zi) is an open subset of V. As Zi is quasi-compact, so is p(Zi). As 
Zi is large in f/ and p~^(p(Zi)) D Zi, we have that p~^(p(Zi)) is also large 
in U. As U is locally Krull and p is fpqc, we have that p{Zi) is large in V 
by Lemma flO.lOl 2. Thus p(Zi) G C. 

Next, for W G C, we have that p~^(W) G V. As p is a G-invariant 
morphism, p~^{W) is a G-stable open subset of U. As p is quasi-compact, 
p~^{W) is quasi-compact. By Lemma llO. 101 1, we have that p~^{W) is large 
in U, and hence p~^{W) G V. 

As p is a principal G-bundle, T:Gxl7—)-t/Xyt/isa G-isomorphism, 
where G Xy G is a G-scheme via the second projection. As p is quasi¬ 
compact, G Xy G is quasi-compact over G, and hence so is G x G. Thus for 
each Zi G Hi, G X Zi is quasi-compact. 

For Zi G Hi, Z := p“^(p(Zi)) lies in H by the argument above. Let 
oi : G X Zi —)■ Z be the action. AsTiGxG—)-GxyGis surjective (since 
p is a principal G-bundle), Oi is surjective. As Oi is flat surjective, G x Zi is 
quasi-compact, and Z is quasi-separated, we have that Oi is fpqc. 
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Note that Z piZ^ and W i—)■ p~^{W) gives an order-preserving bijec- 
tion between V and C. Indeed, as p is surjective, p{p~^{W)) = W . On the 
other hand, for Z G P, as G x Z —)■ p~^{p{Z)) is surjective and Z is G-stable, 
we have that p~^{p{Z)) = Z. 

Note that 

(19) Ih^ Pic(p(^)) = Ih^ Pic(hh) ^ C1(F) 

zgx> w&c 

by |Has9( (5.33)]. 

Let Z G P. Then i* : C1(X) C1(Z) induces an isomorphism between 

C1(X)‘^ and C^Z)*^, where i : Z X is the inclusion. Indeed, if XI G 
Refi(X)‘^, then 

a*zi*M = (1g X i)*a*M = (1g x iYp^M = 

and i* maps C^X)*^ to C1(Z)‘^. Let J\f G Refi(Z)‘^. As i is quasi-compact 
quasi-separated and a and p 2 are flat, 

a*i,Af ^ (1 X i),a*z^f = (1 x f).(pf)W = 

and i^Af G Refi(X)'^. So (f*)“^ = A maps C^Z)*^ to Cl(X)'^. 

On the other hand, for any AA G Refi(X)‘^, there exists some Z G P such 
that XII z is an invertible sheaf. Indeed, hrst take a large open subset Zi of 
U such that XI |z^ is an invertible sheaf. This is possible as in the proof of 
|Has9[ (5.33)]. By |Has9[ (5.29)], replacing Zi if necessary, we may assume 
that Zi is quasi-compact, and Zi G Vi. Let Z = p“^(p(Zi)) G V. As XI Iz^ 
is an invertible sheaf, 

P*2{-^\zi) — (P2-^)|gxZi = {o* AA)\gxZi = Cli{A4\z) 

is also an invertible sheaf. So XI |z is also an invertible sheaf, since oi is fpqc 
as we have seen. 

Combining these, we have that 

(20) lim Pic(Z)^ ^ C1(X)^. 

zeV 

Next, we have that if*ig(G, C>^) —)■ if*ig(G, C>^) is an isomorphism for 
Z G P. In order to prove this, it suffices to prove the canonical chain map 

0--r(X,C>^)^^ r(G X X,C>^)'^°-^^'^X(G X G X X,C>^) —-■■■ 

0 - ^r(Z,G^)^^ r(G X X G X Z,G^) - -••• 
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is a chain isomorphism. To verify this, it suffices to prove that the canonical 
restriction r(G'* xX, Ox) r(G* x Z, Oz) is an isomorphism. Let i : Z ^ X 
be the inclusion. Then as Z is large in X, Ox —t i*Oz is an isomorphism. 
As G* is flat over S and i is quasi-compact quasi-separated, 

= PlOx = pli.Oz = (1 X i).plOz = (1 X 

Taking the global section, we get the desired isomorphism. 

Thus we have proved that the canonical map iL*ig(G, O^ ) -^alg(^) ^z) 

is an isomorphism. In particular, we have that 

( 21 ) 

z 

By |Has91 (3.14)], there is an exact sequence 

0 ^ O'i) ^ Pic(G, Z) ^ Pic(Z)° ^ OJ). 

The proof of |Has9( (3.14)] shows that the sequence is functorial on Z. On 
the other hand, there is a natural isomorphism Pic(G, Z) = Pic(p(Z)). This 
is obvious by |Has71 (3.13)]. Taking the inductive limit 1^^^^, and using 
the isomorphisms ([19]), (l20|) . and (1^ . 

0 ^ i/‘„(G, Oi) ^ C1(F) ^ C1(A')“ ^ OJ) 

is exact, as desired. □ 

( 11 . 6 ) Let / : G —?■ iL be an fpqc homomorphism between flat S'-group 
schemes with N = Ker /. 

Let X be a locally Noetherian G-scheme. We denote the full subcategory 
of Coh(G, X) consisting of Ad G Coh(G,X) which satisfy the (S'(^) condition 
as an Gx-modules by (S'(j)(G,X). 

Lemma 11.7. Let X be as above, and U a large open subset of X . If X has a 
full 2-canonical module, then A : (*S' 2 )(G, G) —)■ (S' 2 )(G,X) is an equivalence 
whose quasi-inverse is i* : (S' 2 )(G,X) [S' 2 ){G,U). 

Proof. Follows easily from Lemma 17.341 □ 

Proposition 11.8. Let f : G ^ H be an fpqc homomorphism between flat 
S-group schemes, and 


X 1/^^ Y 


86 













be a G-enriched rational almost principal N-bundle. Assume that X and Y 
are locally Noetherian, and have full 2-canonical modules {e.g., they are nor¬ 
mal; or Noetherian locally equidimensional and have dualizing complexes). 
If p has {S 2 ) fibers (e.g., N is of finite type or X is {S 2 )), then i*p*j* : 
{S 2 ){H,Y) —)■ (S' 2 )(G,X) is an equivalence, and {j*p*i*I)^ is its quasi¬ 
inverse. 

Proof. By Lemma [11.71 z* : {S 2 ){G,U) —)■ (S' 2 )(G,X) is an equivalence with 
the quasi-inverse i*. Similarly, j* : (S' 2 )(iL, V) —)• (S' 2 )(iL, Y) is an equivalence 
with the quasi-inverse j*. In view of [Haslll (6.21)], it suffices to show that 
for A4 G Coh(l/), p*Ai satisfies (S' 2 ) if and only if A4 does. This is proved 
easily using fl7.40p . □ 

Lemma 11.9. Let h \ A ^ B be a ring homomorphism, and assume that B 
is rank-one free as an A-module. Then h is an isomorphism. 

Proof. Note that Kerb = anni? = a rm A = 0, and h is injective. So it 
suffices to show that h is surjective. So we may assume that {A, m) is local. 
By Nakayama’s lemma, we may assume that A is a field. Then A = B, since 
dim^ A = dim^ B = 1. □ 

Lemma 11.10. Let ip : X ^ Y be a G-enriched almost principal N-bundle 
with respect to the open subsets U and V. Let i ■. U ^ X and j : V ^ Y be 
the inclusion, and p \ U ^ V the restriction ofp. Assume that X and Y are 
locally Noetherian. 

1 The functor (j^pA*!)^ ■ (S' 2 )(G,X) Qch.{H,Y) agrees with ((p*?)^. 

2 If M.X is a coherent (G, Ox)-module which is a full 2-canonical module 

as an Ox-module, then the functor i^p*j* : (S' 2 )(iL, F) —)■ (S' 2 )(G,X) 
agrees with where (?)^ = Hom^o „ (7,M.x). 

3 Assume that both X and Y are quasi-normal. If N is of finite type or 
X is {S 2 ), then (<^9*?)'^ : (S' 2 )(G, X) —)■ (S'2)(i7, F) is an equivalence 
whose quasi-inverse is 

4 In 3, if X and Y satisfy (S' 2 ), then fj : Oy —t (p^Ox)^ is an isomor¬ 
phism. 

5 If either X and Y satisfy (Ti) -|- (S' 2 ); or N is of finite type and X 
and Y are Noetherian (S 2 ) with dualizing complexes, then fj in 4 is an 
isomorphism. 
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Proof. 1 and 2 are proved similarly to Lemma 111.31 and is left to the reader. 
3 is immediate by 1 and Proposition 111.81 

4. As X satisfies { 82 ), we have that Ox — i*i*Ox — i*Ou = i*p*j*OY. 
As Oy € {S 2 ){H,Y), we have that {p*Ox)^ — Oy as (if, (Py)-modules by 
3. By Lemma 111.91 f] is an isomorphism. 

5 is immediate by 3 and 4, in view of Corollary 17.391 □ 

(11.11) An S-group scheme G is said to be locally finite free [LFF for 
short), if the structure map he : G —)■ S' is hnite and {hc)*OG is locally 
free. Using the results of |Stackt (10.129)], it is not so difficult to show that 
G is LFF if and only if it is flat hnite of hnite presentation (hence is hnite 
syntomic by jiMl (31.14)]). 

Lemma 11.12. Let G be an LFF S-group scheme, and xjj : X ^ Y be an 
algebraic guotient by the action of G. Then is a surjective integral univer¬ 
sally open morphism which is a universally submersive geometric guotient. 
If the action of G on X is free, it is a principal G-bundle. 

Proof. Replacing Y by its affine open subset, we may assume that Y is affine. 
Then X is affine, since if is assumed to be affine. Now if is integral and the 
map 4/ : G X X —)-XxyAis surjective by [DemGl (IIL§2,n°4)]. By the 
same theorem, if is a principal G-bundle if the action is free. 

Being an algebraic quotient, it is dominating. Being integral, it is univer¬ 
sally closed. Being dominating and closed, it is surjective. Being surjective 
and universally closed, it is universally submersive. By Lemma 11.111 it is 
universally open. Now it is clear that <^9 is a geometric quotient. □ 

(11.13) The following generalizes (32.4), 3]. 

Proposition 11.14. Let f : G ^ H be as in (I7.42j) . Assume that N is finite 
and Reynolds. Let Yq, and IF{G,Yq) be as in (17.441) . Let ip : X ^ Y be 
a morphism in IF{G,Yq). Assume that it is also an algebraic guotient by the 
action of N. Then ip is finite, and {p^:Ux)^ = ojy as {G,Oy) -modules. 

Proof. As N is hnite hat and Yq is Noetherian, the To-group scheme N XsYq 
is LFF. So p is integral by Lemma [11.121 Being a morphism in iF{G, Iq)) T 
is of hnite type. So p is hnite. 

Let s := inf{i | 77* (ly) 7 ^ 0}. We may assume that ly = Iy(G) consists 
of injective G 5 M(y)-modules, and ly = 0 for i < s. 


























Then by definition, uy = H^ily). Let Ix = P'(Ir) be the G-equivariant 
dualizing complex of X. We may assume that Ix is bounded below and 
consists of injective G^M^-ji^^^-modules. Then using G-Grothendieck’s duality 
[H^ (29.5)], 

= {Rip.RUoma,{Ox,^'lY))^ = {RllomoAR^*<^xM)^ 

= Uom^yi^*Ox,lYf = Eomoyii^*Oxf © Uxi^.Ox)M^. 

By Lemma [5. 121 4 and Corollary 111.41 this is 


Yiom. nyii'^^Ox)^, fly) = Hpm(p^(Gy, ly) = ly. 


If z < s, then 

(p*iL*(Ix) = ((p*Gx, ly) = 0. 

As : Qch(X) —)■ Qch(F) is faithful and p^^ux is nonzero, we must have 
oJx = Lf®(Ix), and [p^oJx)^ = ojy. □ 

(11.15) A Noetherian local ring A is said to be quasi-Gorenstein if A is 
the canonical module of A. A locally Noetherian scheme is said to be quasi- 
Gorenstein if all of its local rings are quasi-Gorenstein. 

Lemma 11.16. Let Z he a locally Noetherian scheme. Then the following 
are equivalent. 

1 Z is quasi-Gorenstein. 

2 Oz is a semicanonical module of Z. 

3 There exists some invertible sheaf on Z which is also a semicanonical 
module of Z. 

4 A coherent sheaf on Z is an invertible sheaf if and only if it is a full 
semicanonical module. 

Proof. Trivial. □ 

Lemma 11.17. A quasi-Gorenstein locally Noetherian scheme is quasi-normal 
by Oz. 

Proof. Follows immediately by Lemma 111.161 and Lemma 17.191 □ 
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Theorem 11.18. Let f : G ^ H and N be as in fl7.42p . Yq, ly,,, and 
J^{G,Yo) be as in fl7.44p . Let 


X Y 

be a G-enriched rational almost principal N-bundle which is also a diagram 
in J-{G, Yq)- Assume that N is separated and has a fixed relative dimension. 
Then there exist isomorphisms of {G, Ox)-modules 

( 22 ) = t*p*j*tOY 0 ^,^ = Gp* 3 *{^y ®Oy Q*n,y) 

and isomorphisms of {H, Oy)-modules 

(23) Uy = {j*pfi*{uJx ®Ox ^N,x))^ — {ij*P*i*^x) ®Oy ^n,y)^■ 

Proof. We prove the first isomorphism of fl22l) . By Lemma [7.481 j*u}y = uy, 
and hence we may assnme that V" = F. As i^p*uy <S)Ox ^*n x — G{,P*ojy ®Ou 
Q* xu) eqnivariant projection formula |Has5[ (26.4)] and i^uu — (Wx 

by Lemma lY.481 we may assume that U = X. Now the assertion follows from 
Corollary 17.601 The second isomorphism follows easily using the eqnivariant 
projection formula. We prove the first isomorphism of (1231) . As (?)'^ o jh = 
j* o (?)^ by [HasOl (7.3)] and — ojy, we may assume that F = F. As 
i*{oJx ®Ox 0v,x) — ®Ou ^N,Uy ^^y assume that X = U. Now the 
assertion follows from Corollary 17. 601 The second isomorphism follows easily 
from the eqnivariant projection formula. □ 

Corollary 11.19 (Watanabe type theorem). Let the assumptions be as in 
Theorem 111.181 Then for an H-linerized invertible sheaf C on Y, the follow¬ 
ing conditions are eguivalent. 

s. UJX= i*p*j*C ®Ox 0v,x - Gp*j*iC (^Oy 0^,y) (^esp. ux = i*p*j*C) 

in Qch(G,A), andY satisfies the {S 2 ) condition. 
b ujy = C in Qch(i7, F). 

If, moreover, Qn,x is trivial, then the following are eguivalent. 
c Ux — Ox and Y is {S 2 ) 
d Uy = Oy and X is {S 2 ). 
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If these conditions are satisfied, then both X and Y are quasi-Gorenstein. 


Proof, a^b. We easily have that uy = j*j*II by Theorem 111.181 and the 
assumption. As Y is (*S' 2 ), C = and uy = C- 

b^a. As the semicanonical module ujy is an invertible sheaf, Y is quasi- 
Gorenstein. In particular, Y is (5'2). The isomorphisms follow from Theo¬ 
rem 111.181 and the assumption. 

Now assume that Qn,x is trivial. 

c^d. As the semicanonical module ux is invertible, we have that X is 
quasi-Gorenstein and (S' 2 ). So Ox — ifi*Ox — i*Ou = i*p*j*OY. By a^b 
above, we have that uy = Oy. 

d^c. Then Y is quasi-Gorenstein, and so Y is (S' 2 ). By b^a above, we 
have that ux — i*p*j*OY = ifi*Ox — Ox- CH 

Corollary 11.20. Let the assumptions be as in Theorem 111.181 Then the 
following are equivalent. 

a ojx = i*p*j*L for some H-linearized invertible sheaf C on Y, and Y 
satisfies the (S' 2 ) condition. 

b Uy is an invertible sheaf. 

These conditions imply 

c Y is quasi-Gorenstein. 

If, moreover, Y is connected, then a, b, c are equivalent. 

Proof, a^b. We have 

cax = **p*J*i: = i*p*3*{C ®Oy Qn,y) 

and hence uy = C ®Oy ^n,y is an invertible sheaf by Corollary 111.191 

b^a,c. Letting C = uy ©wv) have that C is an if-linearized 
invertible sheaf on Y. We have ux — i*p*j*C by Corollary 111.191 As uy is 
an invertible sheaf, Y is quasi-Gorenstein, and hence is (S 2 ). 

Now assume that Y is connected and c is satished. Then Y is (S' 2 ) and 
has a dualizing complex. Hence it is locally equidimensional by Ogoma’s 
theorem |Ogo] . By Lemma 17.381 the semicanonical module uy is full. As Y 
is quasi-Gorenstein, ujy is an invertible sheaf and so c^b holds. □ 
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Remark 11.21. Let the assumptions be as in Theorem 111.181 In view of 
Corollary 111.191 it is important to know when 0jv.Vo — ^Vo holds. 

1 If is etale, then 0jv,Yo — since 0n,Yo — Qyo(A^^n/s)^ where 
qYo : L"o S' is the structure map. 

2 If iV is hnite and Reynolds, then Qn,Yo — ^Yo: see Lemma 17.611 

3 If G = iV and N is split reductive, then Qn,Yo — ^Yo- To verify this, as 
G is dehned over Z, we may assume that S = Yq = Z. As the positive 
and the negative roots cancel out in Lie G, 0 is a rank-one free 
representation whose weight is zero. Similarly, if S' = Spec k with k a 
field, G = N, and N is reductive, then Qn,s = C^s- 

3 If S = Spec k with k a held and N is contained in the center of G, then 
the action of G on is trivial, and hence um/s is G-trivial. Hence 0 
is a G-trivial one-dimensional representation, that is, 0 = /c. 


4 Even if S' = Lq = Spec k, G = N, and the identity component N° of 
N is reductive, 0 may not be trivial. For example, if the characteristic 
of k is not two and N = 0(2), the orthogornal group, then 0 is not 
trivial, see Knp, Bemerkung 4 after Korollar 2]. 


Corollary 11.22. Let f : G ^ H and N be as in (17.421) . Yq, and 
J^(G,Yq) be as in (17.441) . Let ip ■. X ^ Y be a G-enriched almost principal 
N-bundle which is also a morphism in J^(G, Fq)- Assume that N is separated 
with a fixed relative dimension. Then we have the following. 


1 There exist isomorphisms of {H^Oy)-modules 


(24) Uy = [ipfiuJx ®Ox 0N,x))^ — {t*^X ®Oy 0N,y)^■ 


If, moreover, X has a coherent {G, Ox)-module Mx which is a full 
2-canonical module, then there exist isomorphisms of {G, Ox)-modules 

( 25 ) cux = {t*ooy)'^'' 6 ^))''^ 

where (?)^ = Hom^ n.. (?, A4 y). 

2 (Watanabe type theorem) Let C be an H-linearized invertible sheaf on 
Y. Then the following are equivalent. 
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rsj 


a Ux = ^*C®Ox ^N,X = 

Y satisfies { 82 ). 

b ojy = C, and X satisfies (S' 2 ). 


y ©Afy) {resp. ujx = and 


3 The following are equivalent. 


a ojx — for some H-linearized invertible sheaf C on Y, and Y 
satisfies the {S 2 ) condition. 

b ojy is an invertible sheaf on Y, and X satisfies the (S' 2 ) condition. 

These conditions imply that both X and Y are quasi-Gorenstein, and 
hence we have 


c Y is quasi-Gorenstein and X satisfies the (S' 2 ) condition. 

If, moreover, Y is connected, then a, b, c are equivalent. 

Proof. Let <^9 : X —)■ F be a G-enriched almost principal bundle with respect 
to U and V. Let i : U ^ X and j : V ^ V he the inclusion, and p : U ^ V 
be the restriction of p. 

1. As cox ®c>x ^N,x satishes the (S 2 )-condition by Lemma 17.191 the 
first isomorphism of fl2^ is immediate from fl23|) in Theorem 111.181 1 and 
Lemma fl 1.101 1. The second isomorphism is by the equivariant projection 
formula |Has51 (26.4)]. 

The first isomorphism of 0251) follows from 022p in Theorem 111.181 1 and 
Lemma fll.lUl 2. The second isomorphism follows easily by the equivariant 
projection formula. 

2. If a is assumed, then the semicanonical module ux is an invertible 
sheaf, and hence X is quasi-Gorenstein. In particular, X satishes (S' 2 ). If b 
is assumed, X is (S' 2 ) by assumption. So in either case, we have 


ip*C ^ ifi*(p*C ^ Yp* 3 *C. 

By Corollary 111.191 the assertion follows. 

3 follows easily from 2. 


□ 
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12. Frobenius pushforwards 

Lemma 12.1. Let A ^ B he a homomorphism between Noetherian rings 
whose fibers are zero-dimensional {e.g., an integral homomorphism), and M 
a {possibly infinite) B-module. Then for a prime ideal p of A, 

depth^^ Mp = ^inf depth^^ Mp. 

If moreover, the going-down theorem holds between A and B, and M satisfies 
the {S'fi) condition as a B-module, then M satisfies the (5^) condition as an 
A-module. 

Proof. We have 


HUM, = HUM, = 0 i/j-sP/p, 

PnA=p 

and the hrst assertion follows. 

We prove the second assertion. Let p be a prime ideal of A such that 
depth^^ Mp < n. Then there exists some P G Spec B such that P A A = p 
and depth^^ Mp = depth^^ Mp < n. So depth^^ Mp = dimi?p by the 
{S'fi) property as a 5-module. As the hbers are zero dimensional, dimAp > 
dim5p. By the going-down, dimAp < dim5p. Hence dimAp = dim5p = 
depth^^ Mp = depth^^ Mp, and M satishes the {S'fi) condition as an A- 
module. □ 

Lemma 12 . 2 . . Let G he a flat S-group scheme which is guasi-compact over 
S, and X be a locally Noetherian S-scheme on which G acts trivially. Let Ai 
be a guasi-coherent {G, Ox) -module which satisfies the {Sf) condition. Then 
M. satisfies the {Sf) condition. 

Proof. This is proved in the same line as jH^ (5.34)]. □ 

( 12 . 3 ) Until the end of this section, S is an Fp-scheme, where p is a prime 
number, and Fp is the prime held of characteristic p, unless otherwise speci- 
hed. 

Lemma 12 . 4 . Let 

X Y 


94 







be a diagram of S-schemes. Assume that i and j are open immersions whose 
images are large in X and Y, respectively. Assume that Y is locally Noethe- 
rian and {S 2 ), and Xs Y is locally Noetherian with a full 2-canonical 
module for some e > 1. Let X be locally Noetherian, and assume that p 
is faithfully fiat and reduced [that is, fiat with geometrically reduced fibers). 
Assume that S Xs X is locally Noetherian for some e' >1. If X is F-finite 
over S {that is, $i(X) is a finite morphism, see |Has8j ). then Y is F-finite 
over S. 

Proof. As the open immersion z : f/ —)■ X is F-finite, U is also F-finite over 
S. As p : 17 —)■ 1/ is faithfully flat and reduced, it is easy to see that V is 
also F-hnite over S by |Has8| Theorem 21], So for each e > 0, ^e{V)fOey) 
is coherent. As Y satishes the ( 52 ) condition, satishes the ( 52 ) condition. 
Hence <he(17)*((9ey) satishes the {Sf) condition by Lemma [12.11 

Now take e > 1 so that '^S Xs Y is locally Noetherian with a full 2- 
canonical module. As V is large in Y and XsV is large in X 5 Y, 

^e{Y)fOeY) = ^e{Y)/UO.v) = (leS X j).^e{V)f0.v) 

is coherent. As ^e{Y) is affine, it is hnite. By |Has8t Lemma 2], F is F-hnite 
over S. □ 

Lemma 12 . 5 . Let A ^ B be an F-finite reduced homomorphism between 
Noetherian rings of characteristic p. Then ^A B is Noetherian for any 
e > 1. 

Proof. By Dumitrescu’s theorem [Di]m2] . the relative Frobenius map $e(A, B) : 

F —)■ is ®A-pure. In particular, it is injective. It is also hnite by 
assumption. By Eakin-Nagata theorem |Matl Theorem 3.7], the assertion 
follows. □ 

Theorem 12 . 6 . Let f : G ^ H be a gfpgc homomorphism between S-group 
schemes with N = Kerf. Let S be an ¥p-scheme, and assume that S is 
locally Noetherian and guasi-normal by a full 2-canonical module Ms- Let 

X Y 

be a G-enriched rational almost principal N-bundle. Assume that X and Y 
are locally Noetherian and flat with (Fq) -|- (Ti) -|- {S 2 )-fibers over S, and that 
X is F-finite over S. Then 
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1 Xs X is locally Noetherian and quasi-normal by p*x^Xis for each 
e > 0, where px'XSxsX^^S is the first projection. 

2 If N is reduced over S, then Y is F-finite over S. 

3 IfY is F-finite over S, then XsY is locally Noetherian and quasi¬ 
normal by pp^Ms for e > 0, where py 'XS Xs Y is the first 

projection. 

4 For each e > 0, 

XsXJ^^S XsU^f^^S XsV^^^^S XsY 

is an '^H X hG- enriched rational almost principal^ S x sN-bundle [where 
the base scheme is ^S, and not S). 

5 Assume further that G is flat over S, and f is regular [that is, fiat 
with geometrically regular fibers). If, moreover, either N is of finite 
type; or Xs X and XsY satisfy (Ti) + [S 2 ), then [SP)^'!! Xh 
G, XsX) and [SP)^^!!, XsY) are equivalent under the equivalence 
in Proposition Ill.Si 

6 Let the assumptions be as in 5. Let M. G (S' 2 )(G,X), and let M be the 
corresponding sheaf [j^pfi*M.)^ 6 [S' 2 )[H,Y) [by the correspondence 
in Proposition II l.Sp . Then for each e> 0, is '^S-flat and the sheaf 

(le5 X X p)*(le5 X j)*4>fiY)fi^M) G [S'^) [^ H Xh G fi S X g X) , 

which corresponds to the Frobenius pushforward by the 

equivalence in Proposition 111.81 is isomorphic to [^e[X)fi^A4))‘'^‘'. 

Proof. 1 Local Noetherian property follows from Lemma ri2.5l Quasi-Normality 
follows from Lemma ElU 5, applied to the map Xg X —)■ ^S. 

2 follows from 1 and Lemma 112.41 

3 is proved similarly to 1. 

4 and 5 are trivial. 

6 As iV is flat, / is fpqc. Since G is S'-flat, H is also S'-flat. As / is 
regular, N is regular over S. Note that 

XgN 


96 

















is exact (that is, <he is qfpqc and = Ker<he) by Lemma 18.131 By the 
theorem of Radu and Andre [Radj . |And] . |Diim] . $g is flat. Hence ^Nf. is 
flat. Note that 


"G ^HxhG^I 

is exact (that is, <he(hf, G) is qfpqc and ^Ne = Ker <he(hf, G)) by Lemma 18. 131 
As is flat, <he(hf, G) is flat. Being flat and qfpqc, it is fpqc. In particular, 
Xh G is flat over ^S. 

Note that <he(-A)*(®Ad) satishes the {S' 2 ) condition. So 
= ((1 X *),(! X 

^ (1X = (1X i)y^yu)y^{i*M))y^\ 

So we may assume that X = U. 

On the other hand, 

(1X jy^yY)y^Af) = ^yvyyrM) = ^e{v)yyfM)), 

as can be seen easily. So we may assume that Y = V, and hence (p : X ^ Y 
is a G-enriched principal A^-bundle. 

As G (SyjyGyX) and <I>e is a hnite homeomorphism, we have that 
$e(A)*("Af) G (^')("G,"R XsX) by Lemma imi So (<he(X)*("M))'^'= be¬ 
longs to (SyyHxHGySxsX) bv Lemma ll2.2[ So in view of Theorem 1 11.2 1 
it remains to prove that 

((1X py{^yxyyM)y^y^^^^^ = ^eiyyyM). 

This is clear, since 

((1X = (((1X 

^ {^yY)ypy^M)y^ = ^e{Y)yyp,M)y^ = ^yY)y^U). 


□ 

(12.7) Let S = Spec k with k a perfect held, H and N be A-group schemes. 
Assume that H and N are locally Noetherian and regular. Let H act on N 
by the group automorphisms, and let G be the semidirect product H x N. 
Let A be a locally Noetherian F-£nite G-scheme. We say that X is of finite 
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{H, N)-F-representation type by A^i,..., Air ^ Coh(®°if K N, X) if for any 
e > 1, we can write {F^OexY’^’^ = A/i © • • • © AAn by some A/i ,... ,Afu e 
Coh('^if [X N, X) snch that for each j = 1,... ,u, there exists some l{j) snch 
that Afj = Aipj) as (A^, C>x)-iaiodnles (not as x C>x)-niodules). If 
X is hnite (if, e)-F-representation type, then we say that X is finite H-F- 
representation type, where e = Spec k denotes the trivial gronp. If, moreover, 
H is also trivial, then we say that X is finite F-representation type. If 
H = G^, the split s-torus, and G = H x N, the direct prodnct, then finite 
{H, A^)-F-representation type is called graded finite F-representation type 
modnlo N. If, moreover, N is trivial, we say that X is graded finite F- 
representation type. 

From Theorem 112.61 we immediately have the following. 

Corollary 12.8. Let the assumptions be as in Theorem 112.61 5, 6. Assume 
further that S = Spec k with k a perfect field, and G = H x N is a semidirect 
product. Then Y is of finite F[-F-representation type by Mi,... ,Mu if and 
only if X is of finite {H, N)-F-representation type by Mli,..., Aiu, where 


Ml = Fp*j*Mi for I = 1 ,... ,u. 


□ 


13. Global F-regularity 

( 13 . 1 ) Let X be a scheme and h : Ml ^ M an Ox-linear map between 
Ox-modnles. We say that h is generically monic if ; Ml^ —?• M^ is injective 
for each G 

(13.2) Let S be an Fp-scheme, G an S'-gronp scheme, and tp ■. X ^ Y a 
G-morphism. For e > 0, the scheme Y Xy(e) is simply denoted by Xy\ 
As Xy^ = Y Xy(e) X'g \ it is a G-scheme in a natnral way, and the relative 

Frobenius map $e(b", X) : X —)■ Xy^ is a G-morphism. 

Definition 13.3. Let S be an Fp-scheme, G an S'-gronp scheme, and X a 
G-scheme. Assnme that S = Spec k with k a perfect held. 

1 We say that X is G-globally F-regular ii for any G-linearized invertible 
sheaf £ on X and any G-invariant generically monic section s : Ox 
C, there exists some e > 1 snch that the composite 


( 26 ) 



splits as a (G, Ox(=) )”li'^63.r map. 
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2 We say that X is G-F-split if for any (or equivalently, some) e > 1, 

^ F:Ox 

splits as a (G, O map. 

If G is trivial, then we simply say that X is globally F-regular or F-split. 

( 13 . 4 ) A G-globally F-regular scheme is G-F-split. 

( 13 . 5 ) Let C be an ample invertible sheaf on a Noetherian Fp-scheme X. 
Assume that for any r > 0 and a monic section s : Ox —t there ex¬ 
ists some e > 1 such that sF® : Ox(<^) —t F^C®^ splits as an Ox(<^)Xm.eai 
map. Then X is globally F-regular. This is proved similarly to |Has31 The¬ 
orem 2.6]. 

Lemma 13 . 6 . Let S he an Wp-scheme, and Z a smooth S-scheme. Then the 
relative Frohenius map <he : 2’ —)■ is affine and is locally 

free. In particular, <he is faithfully fiat. If, moreover, Z is etale over S, then 
$6 is an isomorphism. 

Proof. We prove that (<he)*(G 7 (e)) is locally free. As the question is local 
both on S and Z, we may assume that S = SpecF and Z = Spec A are 
affine. Then by |Stack( (10.131.14)], there exists some hnitely generated Fp- 
subalgebra Rq of R and a smooth Rq algebra Aq such that A = R <Z)Rp Aq. 
As Ro —?• Aq is a regular homomorphism between Noetherian Fp-algebras, we 
have that Aq is (Ao)^p := Aq"^^ .Ro-Aat by Radu-Andre theorem [Rad] . 

|And] ■ [Dum] . As Aq is F-£nite, Aq is a hnite projective (Ao)^||-module (see 
Lemma l8.12p . Taking the base change ? Z)Ro R, we get the desired result. 

If, moreover, Z is etale, then we can take Aq to be etale over Rq. Then 
by |Has51 (33.5)], (Ao)^g —)■ Aq is an isomorphism. By the base change, we 
have that <l>e is an isomorphism. □ 

Lemma 13 . 7 . Let S = Spec k with k a field of characteristic p > 0, / : G —>■ 
H he an fpqc homomorphism between S-group schemes, and N = Ker/. 
Assume that N is smooth over S. Let cp : X ^ Y he a G-morphism which is 
N-invariant. Assume that C . Assume that fj : Oy {t*Ox)^ 

is an isomorphism. If X is G-globally F-regular [resp. G-F-split), then Y is 
H-globally F-regular {resp. H-F-splif). 
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Proof. We prove the assertion for the global F-regularity. The case of F- 
splitting is similar. 

Let C be an if-linearized invertible sheaf on Y, and s : Oy —)■ F an 
ii-invariant generically monic section. As C it is easy to see 

that s : Ox —t (p*C is a G-invariant generically monic section. So there 
exists some e > 1 and a G-invariant splitting vr : Ff{ip*C) —)■ Ox(e) of 
sF^ : Gjf(e) —)■ Ff{ip*C). 

Obviously, 


is an isomorphism. On the other hand, as N is S'-smooth, the Frobenius map 
F^: N ^ ATF) is faithfully flat, and hence the restriction agrees with 

(7)^ by Lemma 14.151 
So 


V '■ Oyie) —>■ O xi^)) 


N 


is an isomorphism. 

On the other hand. 


ipfH,F%).(yL)f = (n).(ip.(y C)f = (Fr).c. 


So applying (ip. (?))^ to the sequence 


sF' 




we get 

^ FfC A Gy(e) 

whose composite is the identity. Hence Y is ii-globally F-regular. □ 

Corollary 13.8 (cf. [HaraWYl Proposition 1.2, (2)]). Let ip : X ^ Y be 
a morphism between integral ¥p-schemes such that rj : Oy —)■ p*Ox is an 
isomorphism. If X is globally F-regular [resp. F-split), then so is Y. 

Proof. Consider S = SpecFp = Z and the trivial G, H, and N. Then apply 
Lemma [13.71 As rj is an isomorphism, p is dominating and C Y^^'^. 

The results follow from Lemma [13.71 easily. □ 

Proposition 13 . 9 . Let S = Specfc with k a perfect field of characteristic 
p > 0. Let H and N be S-group schemes. Let H act on N by group auto¬ 
morphisms, and G := N xi H. Assume that N is a linearly reductive affine 
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algebraic k-group scheme. Let X he an F-finite Noetherian H-globally F- 
regular (resp. FI-F-split) G-scheme. Then X is G-globally F-regular {resp. 
G-F-split). 

Proof. We prove the assertion for the global F-regularity. The assertion for 
the F-splitting is similar. 

Let £ be a G-linearized invertible sheaf on X, and s : Ox —)■ F a gener- 
ically monic section. Then there exists some e > 1 and an (if, (9^^(e))-linear 
map TT : FfC —)■ such that ttsF® = id. 

As F® : X —>■ X*^®) is hnite, "Ho = Hom^o x{<^), Ff C) and Pii = 
Hom^ o ^^^{FfC,Ox(e)) are coherent (G, C>jY(o)-modules. 

Let h : X^^'> S = Spec k be the structure map, which is quasi-compact 
quasi-separated by assumption (if g : X —)■ S' is the structure map, then h is 
the composite 

Xh) ^ S). 

So we have a direct sum decomposition of quasi-coherent (G, G 5 )-modules 
hfiHi = {hfiHi)^ © Ux{hfiHi) by Proposition 15.251 Applying r(S', ?) o (?)^, 
we get the direct sum decomposition of abelian groups 

( 27 ) 

= HomG,o^,.,(F'£, Ox(.l) e r(S, (F>£, Oxm))"). 

By the product 

hfiHi ®Os hfiUo hfiUi ®o 'Ho) -t hj Romrn . {Ox(e), Oxm)), 

Ux{hfiHi) ®Os (KHo)^ is mapped to UNihj Romrp ^.^^^ (Ov(e),Ov(e)))) by 
Lemma 15.121 3. Hence when we decompose vr = ttq -1- tti according to the 
decomposition fl27|) . 


7ro(sF'^) e }lomG,o^^,^{Ox(e),Ox(e)) 

and 

7ri(sF^) G TiS,Ux{hfiE^a^,^,iOx(.uOx(^))))^). 
As we can decompose the identity of Oxm in two ways as 

id = 7ro(sF®) + 7ri(sF®) = id + 0, 
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we must have 71q{sF^) = id and 7ii{sF^) = 0 by the uniqueness of the decom¬ 
position. Hence tiq : F^C —)■ C>x(=) is the desired (G, )-linear splitting of 
sF'^, and the proof of the proposition has been completed. □ 

Corollary 13.10. Let S = Specfc, F[, N, and G be as in Proposition 113.91 
Assume that N is smooth. Let (p : X ^ Y be a G-morphism which is N- 
invariant. Assume that fj : Oy —t {p>*Ox)^ is an isomorphism. Assume that 
X is Noetherian normal and F-finite. If X is H-globally F-regular {resp. 
H-F-split), then Y is also H-globally F-regular [resp. H-F-split). 

Proof. By |Has91 (6.3)], C The assertion follows easily from 

Proposition 113.91 and Lemma 113.71 □ 

Lemma 13.11. Let (p : X ^ Y be a globally F-regular F-finite Noetherian 
¥p-scheme with an ample invertible sheaf A. Then any open subscheme LI is 
also globally F-regular. In particular, X is F-regular in the sense that each 
local ring of X is strongly F-regular. In particular, X is Cohen-Macaulay 
normal. 

Proof. Let r > 0 and s G r{U,A®'^) a generically monic section. Take 
r' > 0 and a section u G P (X, ) which is generically monic such that 

Xu C U. Then by |Stackl (27.24.6)], there exists some n > 0 such that 
u^s G P(X, Then there exists some e > 1 such that u^sF^ : 

pej^®{r+nr') Splitting. Restricting to C, u^sF^ also has a 

splitting over U . Hence sF^ also has a splitting over Lf. Thus U is globally 
F-regular. 

In particular, any affine open U = Spec A is globally F-regular, and the 
F-hnite Noetherian ring A is strongly F-regular |HocH] . So any local ring 
of X is also strongly F-regular. As an F-hnite Noetherian ring is excellent 
|Kun2] and a strongly F-regular ring is weakly F-regular |HocH( (3.1)], X is 
Cohen-Macaulay normal by |H^ (4.2)]. □ 

Lemma 13.12. Let S be an ¥p-scheme, G an S-group scheme, and X be 
an G-F-split scheme. If h : U ^ X is an etale G-morphism, then U is a 
G-F-split G-scheme. 

Proof. There exists some e > 1 and a (G, Ox(e-))-Yn.ew: splitting tt : FfOx —t 
OxM of F®. Applying (h^®))*, we have that 

Pp, = (h(^))*Fl : Op.) ^ {h^^^TFfOx = {P2)*p\0x = {P2)*0^i.) 
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has a (G, 0^(e))-\ineaI splitting, where pi : Ux'^ —)■ X is the hrst projection, 
and p 2 : Ux'^ —)■ is the second projection. As h is etale, <he(X, f/) is an 

isomorphism by Lemma 113.61 As the composite 

u ^ 

is : 0^(e) F^iOu) has a (G, G^(e))-hnear splitting, as desired. □ 

Lemma 13.13. Let X be a Noetherian quasi-normal Wp-scheme, and U its 
large open subset. Then X is F-finite if and only if U is F-finite. 

Proof. Assume that X is F-£nite. Then Fx : X —)■ is hnite. Taking the 

base change by G —)• X, : G = X Xjf(i) —)• G^^^ is hnite. 

Assume that G is F-£nite. Then F^Ou is a coherent (G^) Gjj-module. 
So letting i : G X be the inclusion, = Ffi^Ou = F^Ox is a 

coherent sheaf. □ 

Theorem 13.14. Let S = Spec A; with k a perfect field of characteristic 
p > 0. Let G be a smooth linearly reductive affine algebraic k-group scheme. 
Let the diagram 

X 1/^^ Y 

be a rational almost principal G-bundle. Assume that X and Y are Noethe¬ 
rian normal schemes. Then we have the following. 

1 X is F-finite if and only if Y is F-finite. 

2 Assume that X and Y have ample invertible sheaves and are F-finite. 
Then X is globally F-regular {resp. F-split) if and only ifY is globally 
F-regular {resp. F-split). 

Proof. 1 In view of Lemma [13.131 we may assume that X = G and Y = V. 
If Y is F-£nite, then X is F-hnite, since p : X —)• T is of finite type. If X is 
F-hnite, then Y is F-hnite, since p is an algebraic quotient by N and N is 
linearly reductive, see Lemma [9.61 

2 We only prove the assertion for the global F-regularity. Let C be 
an invertible sheaf on Y, and s G r(X, G) a generically monic section. Then 
assuming that V is globally F-regular, there exists some e > 1 such that there 
is a splitting tt of sF^ on V. Note that vr G V{V, Hom^^fei iFfGv, Ov(^))). As 

Uy 

Y is F-hnite Noetherian normal, Hom^ (e) (F^Oy, Ov(e)) is a rehexive sheaf. 
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and hence vr is defined over Y. This shows that Y is globally F-regnlar. On 
the other hand, if Y is globally F-regnlar, then by Lemma [13.Ill V is globlly 
F-regnlar. Similarly, X is globally F-regnlar if and only if U is so. Hence we 
may assnme that X = U and Y = V. 

If X is globally F-regnlar, then by Corollary 113.101 Y is globally F- 
regnlar. 

Let Y be globally F-regnlar. Let C be an ample invertible sheaf on Y. 
We can take some r > 1 and a generically monic section a G r(y, 
snch that Ya is regnlar and affine. Replacing C by if necessary, we may 
assnme that r = 1 . As R is globally F-regnlar, there exists some cq > 1 and 
TTo : —)■ C>y(eo) snch that 7ioaF^° = id. 

As N is smooth, p is smooth, and hence Xa = p~^{Ya) is regnlar. By 
Lemma flO.lOl 1, Xa is dense in X. That is, a G r(X, p*£) is generically 
monic. By |Stackl (28.38.7)], p*C is an ample invertible sheaf on X. 

Let n > 0 and s G r(X, p*/!®"") be a generically monic section. As 
Xa is affine regnlar F-finite, it is globally F-regnlar, and hence there exists 
some Cl > 1 and a splitting tti : F®ip*£®"'|x„ —)■ O^(ei) of sF^^ : O^(ei) —)■ 
F®ip*£®"'|x„- As Hom^o ^ {F^^p*C®'^, Oxiei)) is coherent, there exists some 
62 > 0 snch that ti 2 = lies in Hom^cep(F®ip*£®”, 

Then 7i2sF^^ = 

As Y is F-split, there exists some tts : F^^Oy Ciy(e 2 ) snch that ttsF^^ = 
id. Then 

= = id, 

and si^«=o+ei+e 2 g splitting. This shows that X is globally F-regnlar. □ 

Chapter 2. Examples and Applications 
14. Finite group schemes 

(14.1) Let G be an R-gronp scheme acting on X. If there is a G-stable 
open snbset U of X snch that the action of G on U is free and U is n-large 
in X then we say that the action of G on X is n-small. 0-smaII is also called 
generically free. 1 -small is also called small. 
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Lemma 14.2. Let G be an S-group scheme, and ip : Z' ^ Z a flat G- 
morphism. If the action of G on Z is n-small, then the action of G on Z' is 
also n-small. 

Proof. Obvious from Lemma 11.81 and Lemma 110.101 □ 

(14.3) Letting G act on G x X by g{gi,x) = {ggig ^,gx) and on X x X 
diagonally, d'iGxX—)-XxX and the diagonal map A : X —)• X x X 
are G-morphisms. So the structure map 0 : Sx —)■ X is also a G-morphism, 
where Sx is the stabilizer of the action of G on X. 

If there is a separated G-invariant morphism (p : X ^ Y (e.g., X is 
S'-separated or ip is affine), then Sx —)■ G x X is a closed immersion. If, 
moreover, G is hnite, then 0 is hnite. 

(14.4) Assume that 0 is hnite. Then the cokernel of the split monomor¬ 
phism g : Ox —t (p*Osx is a quasi-coherent (G, Gx)-Hiodule which is hnite- 
type as an Gx-module. The complement Ux of the support of Coker g is the 
largest G-stable open subset of X on which G acts freely. We call Ux the 
free locus of the action. 

Example 14.5. Let G be a hnite (constant) group, and X be Noetherian 
and irreducible. Assume that there is a separated G-invariant morphism 
(p : X —)■ y. Then 0 is hnite, and the free locus exists. More precisely, for 
g E G, set Xg := {x E X \ gx = x}. Note that Xg is a closed subscheme of 
X. It is easy to see that Ux = \ [jgpe^g- i'h® action is generically free 

if and only if the action is faithful (that is, the action of on X is not the 
identity ii g e). If codim^ Xg = 1, then we say that g is a. pseudoreflection. 
The action is small if and only if there is no pseudorehection. However, see 
Remark 117.151 below. 

(14.6) Let G be a hnite group scheme over a held k of characteristic p > 0. 
Then the smallest nonnegative integer e > 0 such that Ge = G° is called the 
exponent of G. If I is the nilradical of k[G], then the exponent e of G is the 
smallest nonnegative integer such that = 0, where = fl^'^k[G]. The 
exponent is not changed by the extension of the base held. 

Proposition 14.7. Let k be a field, G a finite k-group scheme acting on 
a reduced artinian k-algebra L, and set K = L'^. Let p : X = SpecL —)■ 
Spec L^ = Y be the canonical map. Assume that X is G-connected. Then 
we have that K is a field, and dim^^ L < dim^ k[G] in general. In particular, 
dim^^ L is finite. Moreover, the following are eguivalent. 
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1 is a principal G-bundle. 

2 The action of G on X is free. 

3 The action of G on X is generically free. 

4 diniii- L = dinifc k [G]. 

Proof. 1^2 As is an isomorphism, its base change 0 : Sx —)■ X is an 
isomorphism. 

2^1 is Lemma [11.121 

2<J=>3 is obvious, since X is an artinian scheme. 

1^4. Compare the L-dimension of the two isomorphic spaces L L 
and k[G] ®k L. 

By |Has5[ (32.6)], iL is a finite direct product of normal domains. As X 
is G-connected, Y is connected by Lemma 17.31 Hence X is a domain. As L 
is an integral extension of K by Lemma 111.121 and L is of Krull dimension 
zero, K is also zero dimensional. Being a zero dimensional domain, iL is a 
field. 

It remains to prove the assertions (i) dim^^ L < dim^ fc[G]; and (ii) 4^(1, 
2, or 3). 

Replacing k hy K, G hy K <S)k G, and not changing L, we may assume 
that k = K. 

We claim that if X is a closed normal subgroup scheme and the proposi¬ 
tion is true for N and G/N, then (i) and (ii), hence the proposition is also 
true for G. Indeed, M = = Mi x • • • x is a finite direct product 

of fields. Applying the proposition for the action of N on = Mj L, 
dim^i Li < dimfc /c[X]. On the other hand, dim;^ M < dim?; k[G/N]. So 

(29) dim/f L = dimi^ L* = dim^^ Mi YanMi Li 

i i 

< dimfc k[N] dim^^ Mi = dim^, /c[X] dim^^- M 

i 

< dim?; k[N] dim^ k[G/N] = dim^ k[G]. 

The equality dim^^ L = dimfc/c[G] holds if and only if the equality holds 
everywhere in fl2^ . If so, dim^^ M = dim^, k[G/N] and dim^^^ Li = dim^ k[N] 
for each i. As the proposition is assumed to be true for N and G/N, we have 
that SpecM —)■ SpecX = F is a principal G/X-bundle, and SpecLj —)■ 
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SpecMj is a principal A^-bundle for each i. In particular, X = SpecL —)• 
Spec M is a G-enriched principal iV-bundle. By Lemma I1U.8L (p : X —)• y is 
a principal G-bundle, and the claim has been proved. 

Assume that G is inhnitesimal of exponent one. That is, G equals its hrst 
Frobenius kernel Gi. As G is geometrically connected, X is also connected, 
and hence L is a held in this case. 

Let g ;= Lie G be the Lie algebra of G. It is a restricted Lie algebra over 
k. There is a canonical map 


6 * : L (g) g —)■ Endfc L 

given by {6{a (g) D)){/3) = aD{/3) for D G g and a, 13 G L. Obviously, 
the image T3> := lm6 is contained in Derfc(L,L), the space of ^-derivations. 
Moreover, we have 

= e{a/3 ® [D, Di] + a{D{P)) ^ - (3{D^{a)) ®D)eV 

and 

{e{a (g) D)Y = e{aP + ^ D) e V 

by [Matl Exercise 25.1] and [Matl (25.5)]. This shows that V is a. restricted 
L-Lie subalgebra of Derfc(L,L) in the sense of Jacobson [Jacl (IV.8)]. 

Note that g generates k[G]* as a fc-algebra. To verify this, we may assume 
that k is algebraically closed, and this case is shown in |Janl (1.9.6)]. Let A 
be the fc-subalgebra of Endfc L generated by V. By [Jac( (IV.8), Theorem 19], 
[L : k] is hnite, and dim/, Endfc L = [L ■. k\ = dim/, A. After all, A = Endfc L. 
It is easy to see that 6 ■. L®k[G]* ^ A induced by 6 is surjective, and hence 
we have dim^ L < dimfcfc[G]. Moreover, if the equality holds (i.e., 4 holds), 
then 9 : L ®k[G]* —)■ End^ L = Ilom/,(L 0^ L, L) is an isomorphism. Then 
its L-dual L ® L L ® k[G] given by a 0 /J i—)■ «/d(o) ® /9(i) is also an 

isomorphism, where we are using the Sweedler’s notation |Swel (1.2)]. This 
is equivalent to say that \k:GxX—)-XxyXisan isomorphism, and hence 
4^1 has been proved. So the proposition has been proved for the case that 
G is inhnitesimal of exponent one. 

Next, consider the case that G is inhnitesimal. We prove the proposition 
for this case by the induction on the exponent e of G. The case that e < 1 
is already done by above. Let e > 2. Then there is an exact sequence 

1 ^ Gi ^ G ^ G/Gi ^ 1. 
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Note that /Gi)i = where : G —)■ k®i.(e) is the 

realtive Frobenius map. The right-hand side is the whole G for i = e — 1, and 
hence the exponent of G/Gi is at mose e — 1. By induction, the proposition 
is true for Gi and G/Gi, and hence the proposition is true for G. 

Now we consider the general case. By the exact sequence 

1 ^ G° ^ G ^ G/G° ^ 1, 

replacing G by G/G°, we may assume that G is etale, since the proposition 
for G° is already proved by the infinitesimal case. Replacing K = k hy its 
suitable hnite Galois extension k' and L hy L' = k' L, we may assume 
that G is a constant hnite group. 

Let ei,...,er be the set of primitive idempotents of L. As X is G- 
connected, G acts transitively on this set. Let H be the stabilizer of Ci. Then 
[G : H] = r. Let ai,..., be the complete set of representatives of G/iL in 
G, where we choose the index so that ai(ei) = e*. Set L* = Le* = (Tj(Li). 
The image of K —)■ L —)■ Li (a i—)■ eia) is contained in . On the other 
hand, dj maps to K, and ei : iF —)■ has an inverse Yhi ^i- By the 
Galois theory, [Li : K] < if (note that H need not act on Li effectively, so 
the equality need not hold). So [L ■. K]= r[Li ■. K] <[G ■. H]- = jj^G = 

dim^ k[G], and in particular, L is iF-£nite. 

It remains to prove that if dim^ L = 4^G, then the action of G on X is 
free. In order to check this, taking the base change by the separable closure 
ksep of k, we may assume that k is separably closed. Let ei,..., e^, iL, L* be 
as above. As Li is a purely inseparable extension of k, we have that Li = 
this time. So dim^ L, = 1 for each i, and hence r = ^G by assumption. As 
[G : H] = r = ^G, we have that H is trivial. Then G acts on ci,..., 
freely, and hence G acts on X freely, and 4^2 has been proved. □ 

Proposition 14.8. Let G he an LFF S-group scheme, and ip : X ^ Y an 
algebraic guotient. Let U he the free locus, and V := p{U). Then 

1 for n > 0. 

2 p :U is a principal G-bundle, where p is the restriction of <p. 

3 The following are equivalent. 

a The action of G on X is n-small. 
a’ U is n-large. 
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h V is n-large. 

c ip is an n-almost principal G-bundle with respect to U and V. 
d if is an n-almost principal G-bundle. 

Proof. 1 As 93 is surjective, it suffices to show that C for n > 0. 

To verify this, we may assume that both X = SpecB and Y = Spec A are 
affine. Let x E X and y = <p{x). Then as p is open, the going-down theorem 
holds for the map A ^ B [Stack| (10.38.2)], and hence codim x > codim?/. 
As p is integral, codimx < codim?/. So the assertion follows. 

2 By Lemma fl.lll V is an open subset of Y, and p : U = p~^{y) — )• V 
is an algebraic quotient. As the action of G on U is free, p is a principal 
G-bundle by Lemma [11.121 

3 Follows easily from 1 and 2. □ 

Proposition 14.9. Let G be an LFF S-group scheme with the well defined 
rank r, and p : X ^ Y an algebraic guotient by the action of G. Assume 
that X is reduced and LFI. Then for each p E Y^^\ 

(30) dimc)y^((p*C>x)r; < r. 

Moreover, the action of G on X is generically free if and only if the eguality 
holds in (EQD for each point p E 4"^°^ 

Proof. We may assume that Y = Spec A is affine. Then X = Speci? is 
affine and A = B^. Then for each minimal prime P of A, i?p is reduced and 
zero-dimensional (since k{P) = Ap —)■ Pp is an integral extension). As B 
has hnitely many minimal primes. Bp has finitely many minimal primes, and 
SpecPp is hnite. Then it is easy to see that Bp is a hnite direct product of 
fields. To prove that (j30ll holds, replacing p by p,, : ^ p. S' by p and G 

by Grj, we may assume that S = Y = Spec k is the spectrum of a field (note 
that Pn is an algebraic quotient, since A is reduced and hence ^(p) is merely 
a localization of A). By Proposition 114.71 the inequality follows. 

By Proposition 114.71 p eY^^^ lies in V if and only if the equality in (l30D 
holds. The assertion follows immediately by Proposition 114.81 for the case 
that n = 1. □ 

Example 14.10. Let P be a hnite dimensional fc-vector space, and let G 
be an etale hnite subgroup scheme of GL{V). Then the action of G on P is 
generically free. In order to check this, we may assume that k is algebraically 
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closed, and hence G is a constant snbgronp. As G is a snbgronp of GL(y), 
we have that g is a. non-identity for g ^ e, and hence the action is generically 
free (see Example I14.5P . 

If G is not etale, this is not trne any more. Let k be an algebraically 
closed held of characteristic p > 0. Let V = k‘^, and consider G = GL(V)i, 
the hrst Frobenins kernel of GL(V). Let B = k\y] = SymE* = k[x^y\^ 
A = K = Q{A), and L = Q{B). Then A = yP]. So dim^^ L = 2 < 
dimfc k[G] = 4. Hence the action is not generically free by Proposition 114.91 

Lemma 14.11. Let S = SpecR be affine. Let G = SpecP be an LFF S- 
group scheme. Then the coordinate ring V of G is a projective object as a 
G-module. 

Proof. It is easy to see that there exists some hnitely generated Z-snbalgebra 
Ro of R and an LFF i?o-gronp scheme Go snch that R Gq = G. Hence 

we may assnme that R is Noetherian. By jHasl (HI.4.1.3)], we may assnme 
that i? is a held. 

Note that a G-modnle is nothing bnt a (right) P-comodnle, which is the 
same as a (left) r*-module. By |SkY[ (VI.3.6)], P = P* as a r*-modnIe, and 
we are done. □ 

Lemma 14.12. Let G be an LFF S-group scheme acting on an S-scheme 
X = SpecB which is an affine scheme. Let A = B^. If ip -. X = SpecB —)• 
Spec A = Y is a principal G-bundle, then B is A-finite and (G, A)-projective. 
If A is a Noetherian Henselian local ring, then B = A[Ga] as (G, A)-modules. 

Proof. We may assnme that S = Y = Spec A. As G is hat, (p is fpqc. Let 
P = A[Gyi] = A[G] be the coordinate ring of G. Let B' be the A-algebra B 
with a trivial G-action. Then B B' = T B'. By the descent argnment, 
H is a hnite projective A-module. We prove that H is a projective G-module, 
or a r*-module. There is a surjective r*-hnear map a : (P*)'* B, as B is 
A-hnite. We want to prove that this map splits. This is equivalent to the 
surjectivity of 

(31) a* : Homr* {B, (P*)”) ^ Homr* {B, B). 

This is checked after tensoring B' over A. But 

Homr.(H, ?) B' = RomAiB, if B' = (Hom^(H, ?) 0^ B'f 

= Boms'{B 0^ B', ? 0^ B'f = Hom(G,n')(r 0 a B', ? 0a B'). 
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This is an exact functor by Lemma [14.111 So fl3ip is surjective. 

Now assume that A is Noetherian Henselian local. Since B' is finite 
projective as an y4-module and A is a local ring, B' = for some n. Hence 
B'^ = B (g)^ B' = V 0^ B' = T"' as r*-modules. Since A is Henselian, 
any hnite r*-module has a semiperfect endomorphism ring, and the Krull- 
Schmidt theorem holds in the category of finite r*-modules (the fact that 
a mofule-hnite algebra over a Noetherian Henselian local ring is semiperfect 
follows easily from [Mill (1.4.2)]). So H = r as G-modules, as desired. □ 

Example 14.13. Let fc be a held, and G a hnite fc-group scheme acting on a 
/c-algebra B. Even if H is a DVR (discrete valuation ring) and the action of 
G on X = Spec B is generically free, the action may not be free (so it is not 
a small action either). We give an example of a hnite group in characteristic 
zero and an inhnitesimal group scheme in characteristic p. 

1 If A; = C, G = Z 2 = (cr) (the cyclic group of order two with the 
generator a), B = k\\x\] with a{x) = —x, then the stabilizer at the 
vertex Speck = SpecB/{x) is G, and is nontrivial. So the action 
is not free. The action is generically free by Proposition 114.91 since 
IQ(B) : Q(B<^)] = |fc((a:)) : fc((i"))] = 2 = i^G. 

2 Let A: be a held of characteristic p, and B = k[x](^x), fhe localization 
of the polynomial ring k[x] at the prime ideal (x). Let D be the k- 

derivation of B. Note that = 0. So G = ap := (Ga)i, the hrst 

Frobenius kernel of the additive group Ga, acts on X = SpecR. The 
algebra map B ^ k[G] ^ B associated with the action G x X —)■ X is 
the map k[x](^) -)■ k[t]/{tP) 0 k[x](^^) = k[t,x](^^)/{tP) given by 


p-i 

f exp(D(-«))(/) = ^ £)•(/)(-()•/*!■ 

i=0 

So B^ = B^ = {f e B \ Df = 0} = k[xP]^^p). As [Q{B) : Q{B^)] = 
p = k[G], the action is generically free. It is easy to see that the 
stabilizer at Spec A: = SpecR/(x) is G, and the action is not free. 

(14.14) Let / : G —)■ LA be an fppf hnite homomorphism between hat S- 
group schemes, and N = Ker/. Note that N is fppf hnite over S, that is, 
LFF. 
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Lemma 14.15. Let the notation he as above. Let ■. X ^ Y be a G- 
morphism which is an algebraic quotient by the action of N. Then the free 
locus U of the action of N on X is G-stable in X. In particular, p : U ^ 
V = (p{U) is a G-enriched principal N-bundle. If, moreover, the action of 
N on X is n-small, then ip is a G-enriched n-almost principal N-bundle. 

Proof. In view of Proposition 114.81 it suffices to show that U is G-stable. 

Let G act on X Xy X diagonally and on x X by g{n, x) = {gng~^, gx). 
Then T : G x X —)■ X Xy X dehned by '^{g,x) = {gx,x) and the diagonal 
map Ax : X —>■ X Xy X are G-morhpisms. So 0 : Sx —)■ X is also a 
G-morphism, and hence U is G-stable. □ 

(14.16) Let G be a flat S'-group scheme. For a G-scheme X, we define the 
G-radical of X by 

radG(X) := ( f| Wl)*, 

®teMax(G,X) 

the sum of all the quasi-coherent G-ideals of Ox contained in najtgMax(G x) 
where Max(G,X) is the set of G-maximal G-ideals of Ox- We dehne the 
G-nilradical of X to be the G-radical of the zero ideal, see |HasM| 
(4.25)]. Note that ^ C \A) [HasMI (4.30)]. If X is quasi-compact, then by 
|HasM[ (4.27)], we have that radG(X) D Note that even if S' = Specfc 
and both G and X are fc-varieties, rad(X) may not contain radG(X). For 
example, when we consider the action of G = on i? = k[x\ with the 
grading deg a; = 1, then the ideal {x) is the unique G-maximal ideal, and so 
radG(i?) = (x) (fi Tad{B) = (0). 

Lemma 14.17 (G-Nakayama’s lemma). Let G be a flat S-group scheme and 
X a quasi-compact G-scheme. Let Ai be a quasi-coherent {G,Ox)-module 
of finite type. //radG(X)Al = M, then A4 = 0. 

Proof. Assume the contrary. Let X = 0 A1 be the annihilator of Ai. Note 
that X is a quasi-coherent G-ideal (the proof is the same as that of |HasM[ 
(4.2)]). As X 7 ^ Ox by assumption, there exists some OH G Max(G,X) 
containing X by |HasM[ (4.28)]. Let m be a maximal quasi-coherent ideal of 
Ox containing OH, and x the closed point of X corresponding to m. Since 
m contains X and Ai is of hnite type, Aix f 0. By Nakayama’s lemma, 
7^ 0- Similarly, [Ox! radG(X))a; ®Ox,^ since m D 

radG(X). Taking the tensor product, (Al/radG(X)Al)a; ®Ox^ 7^ 0- 
Hence Ai f radG(X)Al. This is a contradiction. □ 
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Lemma 14.18. Let f : G ^ H be an fppf finite homomorphism between 
flat S-group schemes, and N = Ker/. Let (p : X ^ Y be a G-morphism 
which is an algebraic guotient by the action of N. LetX be a guasi-coherent 
G-ideal of Ox contained in radG(-^), and Z = V{X) the corresponding closed 
G-subscheme of X. If the action of N on Z is free, then the action of N on 
X is also free, and hence ip is a principal G-bundle. 

Proof. Let Cx be the cokernel of Ox —t fi^^Osx- This is a hnite-type quasi- 
coherent (G, (9x)-module. It suffices to prove that Cx = 0. By Lemma fl4.171 
it suffices to show that j*Cx = 0, where j ■. Z ^ X is the inclusion. As N 
acts on Z freely, Cz = 0, and hence it suffices to show that Sz = Sx 'Xx 
Z in a natural way. This follows from Lemma 11.81 as j : Z ^ X is a 
monomorphism. □ 

Lemma 14.19. Let G be a smooth S-group scheme. 

1 If X is a G-scheme, then the reduction X^ed has a unigue G-scheme 
structure such that the inclusion red : Xj-ed ^ X is a G-morphism. 
Hence \/0 = If, moreover, X is an LFI-scheme, then the normal¬ 
ization X'-' |Stackl (28.48.12)] has a unigue G-scheme structure such 
that the morphism v : X^ X is a G-morphism. 

Let ip : X ^ Y be a G-morphism. 

2 If p is a G-morphism [resp. a principal G-bundle), then p,.ed ■ Xred —t 

Zred is a G-morphism {resp. a principal G-bundle). If, moreover, p 
is a morphism between LFI-schemes such that p{X^^'^) C Y^^\ then 
p'^ : X^ —)■ is a G-morphism (resp. a principal G-bundle). 

3 If p : X ^ Y is an algebraic guotient and p^ed '■ A'red —>■ L^red is a 
principal G-bundle, then p is a principal G-bundle. 

Froof. 1 As G X X^ed is reduced by [Stack! (10.149.6)], the composite 

G X Xred G X X A X 

uniquely factors through red : Xred —^ X. As Xred is G-stable in X, \/0 = 
\/0 = ^ by [HasMl (4.30)]. The latter part is proved similarly, using 
jStackl (10.149.7)] and jStackl (28.48.15)]. 
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2 Consider the diagram 


G X X X Y 


X, 


a (a) 

a (b) 

V^red T/- 

redY 


red 


F 


red ' 


F 


As the square (b) and the whole rectangle (a) + (b) commutes and redy is a 
monomorphism, (a) commutes and (pred is a G-morphism. If (p is a principal 
G-bundle, then ip is smooth, and hence X Xy Fred is reduced. As lx x redy : 
X Xy Fred X XyY = dfisa surjective closed immersion, X Xy Fred = A^red, 
and (pred : Ared —t Fred is a base change of (p. Hence it is a principal G-bundle. 

The case of normalization is similar and left to the reader. Note that 
if (p : X ^ F is a principal G-bundle (which is a morphism between LFI- 
schemes such that (p(A^°^) C F^°^), then XxyY^ is normal, and (lx x z/y)red : 
X Xy Y^' —)■ Xred is integral and birational (for the dehnition of birational 
morphisms, see |Stackl (28.9.1)]). 

3. We may assume that F is affine. Then X is also affine, and hence 
v^O = \/0 is contained in the G-radical radG(X) of X by 1 and [HasM 
(4.27)]. By assumption, the action of G on Xred is free, and hence the action 
of G on X is also free by Lemma 114.181 So 93 is a principal G-bundle by 
Lemma 111.121 □ 

Lemma 14.20. Let G be an LFF S -group scheme, and ip : X ^ Y be an 
algebraic guotient. Let U be the free locus, and V = ip{U). For y ^ Y, the 
following are eguivalent. 

1 yeV. 

2 Xy := ip~^{y) y is a principal G-bundle. 

3 The action of G on Xy is free. 

Proof. 1^2. We have that p : f/ —)■ F is a principal G-bundle, and its base 
change Xy —)■ p is also a principal G-bundle. 

2^3. This is trivial. 

3^1. We may assume that F = Spec A is affine, and then X = SpecH 
is affine and A = B^. Let M be the coordinate ring of Sx, and let G be 
the cokernel of H —)■ M. Let P be the prime ideal corresponding to y. Since 
Ap ^ Bp is integral, PBp is contained in the radical oi Bp. As Xy — )■ X is 
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a monomorphism, we have that C®b {Bp/PBp) = 0 by the assumption that 
the action of G on Xy is free and Lemma [1.81 As Cp is a hnite -Bp-module, 
PBp C rad(-Bp), and PCp = Cp, we have that Cp = 0 by Nakayama’s 
lemma. So no point of Xy supports C. That is, Xy C U. Hence y & V. □ 

Proposition 14.21. Let G be an etale finite S-group scheme {in particular, 
LFF). Let ip ■. X ^ Y he an algebraic guotient by G. Assume that X and 
Y are locally Noetherian and ip is finite {for example, let S = Spec k with 
k a field, X he locally Noetherian, and if the characteristic of k is positive, 
assume further that X is F-finite, see Lemma [Q.bh . Let U be the free locus 
of the action of G, and assume that the action is generically free. Then U 
agrees with the etale locus of ip. 

Proof. We may assume that Y = Spec A is affine and connected. So X = 
Spec-B is affine G-connected and A = B^. 

Set V = ip{U). Let p : B —>■ H be the restriction of ip. Then p : U ^ V 
is a principal G-bundle. As G is etale, p is etale, and hence Lf is contained 
in the etale locus. 

We prove the opposite incidence. Let U' be the etale locus of ip. Then 
it is a G-stable open subset. We have shown that U (Z U'. So to prove that 
U' = U, replacing X by Lf, we may assume that ip is etale, and we need to 
prove that U = X. Again, we may assume that X = Spec B and Y = Spec A 
are affine with A = B^, and Y is connected. We may assume that S = Y. 
Note that .B is a hnite projective A-module. As Y is connected, it has a 
well-dehned rank, say r. On the other hand, the coordinate ring T of A has 
a hnite projective module. Let r' be its rank. As the action of G on X is 
generically free, we have r = r' by Proposition 114.91 Let p G X. Consider 
the base change of the map 

\k:GxX—)-XxX {{g, x) i—)■ {gx, x)) 

by p —)■ X = S. It is 


: Gy Xy Xy —)■ Xy Xy Xy. 

This map is surjective, since T is. The map is a map between affine 
schemes corresponding to the fi:(p)-algebra map between etale K(j/)-algebras 

/ : B{y) B{y) r{y) (8)^(y) B{y), 
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where l{y) means ? (8)^ This map I is injective, since the algebras are 
reduced and the corresponding map is surjective. On the other hand, the 
source and the target of I are both of dimension over K{y). So I must 
be an isomorphism. This shows that Xy —)■ ?/ is a principal G-bundle. By 
Lemma [14.201 y eV. As y is an arbitrary point of Y, we have that V = Y, 
and hence U = X. □ 

Corollary 14.22. Under the assuptions ofProposition lT^.211 assume further 
that X is regular and the action of G is small. Then the singular locus ofY 
isY\ip{U). 

Proof. Set V = (p{U). Let V' be the regular locus of Y. We want to prove 
that V = V'. 

As U is regular and 17 —>■ C is faithfully flat, V is regular. So 17 C 17'. 
Let y G 17', A = Oy^y, and B = {(p^Ox)y Then by the smallness as¬ 
sumption, the branch locus of B over A has codimension at least two. By 
the purity of branch locus |Gro41 (X.3.1)], B is etale over A. That is, 2 / G 17, 
and 17 D 17'. □ 

Lemma 14.23. Let G be an LFF S-group scheme, and Lp ■. X ^ Y an 
algebraic guotient by G. Assume that X and Y are locally Noetherian. 

1 If M. is a guasi-coherent Ox-module which satisfies (S^), then 
satisfies (S'^). 

2 If a guasi-coherent {G,Ox)-module M on X satisfies the (S' 2 ) condi¬ 
tion, then satisfies the (S' 2 ) condition. 

Proof. 1 follows from Lemma 112.11 and Lemma 111.121 2 follows from 1 and 
Lemma 112.21 □ 

From the results we obtained so far, we can state the following. 

Theorem 14.24. Let S be a scheme, and f : G ^ H an fppf finite homo¬ 
morphism between flat S-group schemes, and N = Ker/. Let Lp ■. X ^ Y 
be a G-morphism which is an algebraic guotient by the action of N. Assume 
that the action of N on X is small. Let U be the free locus of the action of 
N on X, and V := p>{U). Then we have the following. 

0 ip is a G-enriched almost principal N-bundle with respect to U and 17. 
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1 (cf. IHasNl Theorem 2.4]) Assume that X is locally Krull. Then Y is 

also locally Krull, and ((^*?)** : Rei{H,Y) —)■ Ref(G, X) and ((^*?)'^ : 
Ref(G,X) —)■ Rei{H,Y) are quasi-inverse each other. In particular, 
for Ref(G, X), C = AA if and only if in 

Rei{H,Y). A4 is indecomposable in Ref(G', X) if and only if (ip^AA)^ 
is so in Ref(iif, R). This equivalence induces an isomorphism between 
C\{H,Y) and C1(G,X). 

2 Assume that X is quasi-compact quasi-separated and locally Krull. Then 
there is an exact sequence 

0 ^ H\N, Of.) C1(R) ^ C1(X)^ ^ H\N, Of^). 

3 Assume that G is of finite type. Let Yq be a fixed Noetherian H-scheme 
with a fixed H-dualizing complex and assume that ip is a morphism 
in X(G, Yq). Then ip is finite, and we have 

UJy = {p>*{uJx ®Ox ^N,x))^ — {T*^X ®Oy Qn,y)^ 

as {H,Oy) -modules. If, moreover, X has a coherent {G, Ox)-module 
M.X which is a full 2-canonical module, then we have 

^X — {T*®Ox ^*N,X — {T*{^Y ^Oy 

as {G, Ox)-modules. 

4 In 3, If Qn,Yo — ^Yo N is etale, N is Reynolds, or S = Speck 

with k a field and G centralizes N) , then ujy = {p}*0Jx)^ as {H, Oy)- 
modules. If, moreover, X has a coherent {G, Ox)-module Mx which 
is a full 2-canonical module, then we have ux — {p>*^y)'^^ as {H, Ox)- 
modules. 

5 In 3, assume that Qn,Yo — ^Yq- Let C be an H-linearized invertible 
sheaf on Y. Then ux — T*L as {G, Ox)-modules if and only if ooy = li¬ 
as {H,Oy) -modules and X satisfies the (S'2) condition. If so, both X 
and Y are quasi-Gorenstein. 

6 Let the assumptions be as in Z. Then ux — T*H for some H-linearized 
invertible sheaf on Y if and only ifooY is an invertible sheaf and X satis¬ 
fies the (S'2) condition. If so, then both X andY are quasi-Gorenstein. 
If, moreover, Y is connected, then these conditions are equivalent to 
say that Y is quasi-Gorenstein and X satisfies (S'2). 
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Proof. 0 See Lemma [14.151 

1 Note that Y is also locally Krull by |Has9[ (6.3)]. Now the result follows 
from Corollary 111.41 

2 follows from Theorem 111.51 

Considering the fact that X is {S 2 ) implies Y is (S' 2 ) (by Lemma [14.23p . 
3, 4, 5, 6 are immediate from Corollary 111.221 For the conditions for Qn,Yo 
to be triyial, see Remark 111.211 □ 

(14.25) Let k he a. held, and B = be a hnitely generated pos- 

itiyely graded fc-algebra (that is, !?„ = 0 for n < 0 and Bq = k). Let ub 
denote the canonical module of B. The base scheme S is Spec k, the group G 
is the torus Gm, and the G-dualizing complex of S is hxed to k (concentrated 
in degree zero). Then cue is a hnitely generated Z-graded nonzero R-module. 
So 

a = a{B) = — min{n G Z | ujB,n 7^ 0} 

is well-dehned. The integer a is called the a-invariant of Goto-Watanabe 
[GWl (3.1.4)]. 

(14.26) If R is a quasi-Gorenstein Noetherian Z”-graded fc-algebra such 
that there exists some homomorphism h : Z"’ —)• Z such that B is positiyely 
graded with respect to the induced Z-grading. Then there exists some unique 
a G Z” such that ub — B{a) as Z"'-graded R-modules. We also call a the 
a-inyariant of B. This dehnition is consistent with the one in (114.25p when 
n = 1 and B is positiyely graded. 

Example 14.27. Let k he a held, and N a hnite fc-group scheme. Let 
G = N X Gm and H = Gm- 

Let R be a G-algebra, and (p : X = Spec R —)■ Spec A = Y he the 
algebraic quotient, where A = B^ . Assume that the action of on X is 
small. Note that R is a Z-graded X-algebra. Assume that R is positiyely 
graded (that is, R = 0„>o Bn with Bq = k). Let k{a) be the one-dimensional 
G-module which is the one-dimensional Gm-module concentrated in degree 
—a and is triyial as an X-module, and set R(a) = B ® k{a). 

If N is either etale; linearly reductiye; or abelian, then = oja- By 
Theorem 114.241 5, ojb — B{a) as (G, R)-modules if and only if R is (S' 2 ) and 
oja — A{a) as graded A-modules, that is, R is (S' 2 ) and A is quasi-Gorenstein 
with the a-inyariant a. 
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Even if G is a general finite fc-group scheme, ujb — B as (A^, i?)-modules 
if and only if A is quasi-Gorenstein and B is (*S' 2 ), by Theorem 114.241 6. The 
author does not know if the a-invariants of A and B agree in general. 

Example 14.28. Let B be the polynomial ring k[xi^... ,Xd] with degXj = 1 
in Example 114.271 above. As above, assume that G acts on B (that is, N acts 
on B linearly). As in Example 114.271 assume that the action of A^ on X is 
small. Set A = B^. Then by Theorem 114.241 

1 C1(A) = H^{N, B^), since Cl(i?) = 0. If, moreover, N is etale, then 
C1(A) = A(X) by jH^ (4.13)]. 

2 oja = (B ® Bi ® QN,k)^ as graded A-modules, and 

{B ojaY* = B®k {K^Bi QN,k) 
as graded (X, S)-modules. 

3 The following are equivalent. 

a /\^Bi = as X-modules. 
b /\'^Bi = QY,k ® k{—d) as G-modules. 
c A is quasi-Gorenstein. 

d A is quasi-Gorenstein of the a-invariant —d. 

4 (cf. |Broj . [Bra], |F1W] ) Assume that N is either etale; linearly reduc¬ 
tive; or abelian. Then Qjv,k is trivial, and the following are equivalent. 

a X C SL(5i). 
b A is quasi-Gorenstein. 

c A is quasi-Gorenstein with the a-invariant —d. 

Proof. We only prove 3. a^b^d^c is easy. If A is quasi-Gorentein, then 
uja — A(a) for some a G Z as (X, A)-modules. So B{a) = B {/\^Bi 0^ 
0Af,fc)- Tensoring X/X_|_, where X+ is the irrelevant ideal of B, we get k = 
/\f^Bi 0v,fc as X-modules, and c^a follows. □ 
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15. Multisection rings 


(15.1) Let X be a locally Krull scheme. We define a divisor on X and the 
C>x-niodule Ox{D) for a divisor on X. 

Recall that P^{X) denotes the set of integral closed subschemes of codi¬ 
mension one (17.22L Set X = Y\w&p^(x) ^ ^element of X is called a 
formal divisor. W G P^{X) as an element of X is called a prime divisor. For 
P = {o,D,wW)wex G X, the support suppH of D is {W G P^{X) \ aD,w 7^ 
0}. For D = and D' = in X, we say that D > D' ii 

(^D,w P ^'dw ®^y P effective if H > 0. If suppH 

is locally finite (see fl7.22p l in X, we say that H is a divisor on X. The 
set of divisors Div(X) on X forms a subgroup of X. If X is quasi-compact, 
Div(X) = 0vi/epi(w) ^ P ^ E)iv(X) and an open subset U of X, 

we define the restriction D\u of D to to be (aD,w^)vi/gpi(c/)) where W is the 
closure of IF in X. 

(15.2) Let X be integral. Then for / G and W G P^(X), we define 

Of^w to be the order of / in the DVR Ox,w C X = where ^ is the generic 
point of X, and K is the function field. We define div/ := (of^wW) G X. 
It is easy to see that div / is a divisor. Note that div : —)■ Div(X) is a 

homomorphism. Its image div(X^) is denoted by Prin(X). An element of 
Prin(X) is called a principal divisor. 

(15.3) Let X be integral. Let ^ be its generic point, and j : ^ X 

the inclusion. The quasi-coherent sheaf is denoted by X. It is the 

constant sheaf of X = Let D = (aD,whF) G Div(X). 

We define an (Px-submodule OxiP) of X by 

TiU,OxiP)) = {0}U{feK- I (div/ + D)|t;>0}. 

Note that Ox{P) is a rank-one reflexive quasi-coherent sheaf. 

(15.4) In general, a locally Krull scheme X = ]J. Xj is the disjoint union 
of its irreducible components. We define 

Prin(X) := JJPrin(Xi) C JjDiv(Xi) = Div(X). 

i i 

We define the (geometric) class group Cl/X) to be Div(X)/Prin(X). Thus 

ci'(x) = n.ci'(w). 
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For D G Div(X), Ox{D) is also defined componentwise. It is easy to see 
that Ox '■ D I—)■ Ox{D) gives a homomorphism from Div(X) to C1(X). 

Lemma 15.5. Ox induces an isomorphism Ox ■ Ch(X) —)■ C1(X). 

Proof. We may assume that X is integral. First, we prove that Ox is surjec¬ 
tive. Let A1 be a rank-one reflexive sheaf on X. Let f be the generic point 
of and j : f ^ X the inclusion. Note that /C = j*j*Ox- As M. is rank-one 
reflexive, there is a monomorphism 

M^3,3*M=3.3*Ox=1C, 

and we can identify M. with a subsheaf of /C. Then it is easy to see that there 
exists some D G Div(X) such that M. = Ox{D). That is. Ox '■ Div(X) —)■ 
C1(X) is surjective. 

Assume that / : Ox — Ox{D). Then / G Y{om.Ox{Ox-,Ox{D)) = 
T{X,Ox{D)) C K. As / is an isomorphism, / G and div/ -f H = 0, 
and hence D is principal. It is obvious that C>x(div/) = f~^Ox — Ox- So 
D G Ker(C>x : Div(X) ^ C1(X)) if and only if D G Prin(X). 

Thus the isomorphism Ox ■ Ch(X) —)■ C1(X) is induced. □ 

With this isomorphism, we identify Ch(X) and C1(X). 

(15.6) Let S' be a scheme, A a hnitely generated Z-module, and G = 
SpecZA XspecZ S', where ZA is the group algebra with each G 

group-like. Let 99 : X ^ F be an affine G-invariant morphism. So X = 
Spec.^ A with A = 0AgA x4a a graded quasi-coherent Gy-algebra. 

Lemma 15.7. The following are equivalent. 

1 (p is a principal G-bundle. 

2 Oy Aq is an isomorphism, each A\ is an invertible sheaf, and the 

product A\ ®Oy is an isomorphism. 

2’ Oy —)■ .4,0 is an isomorphism, and the product Ax <^Oy ‘Aa+^ is 

surjective for any X, p, G A. 

3 For each y E Y, there exists some affine open neighborhood y E U = 
Spec R and a faithfully flat R-algebra R' such that A' = 0;^ with 

= R'®rV{U, 4,a) is isomorphic to the group algebra R'A = ®xR't^- 
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If, moreover, A is torsion-free, then cp is a prineipal G-bundle in the Zariski 
topology. That is, we ean take R' = R in Z. 

Proof. 1^2 is obvious from the descent argument. 

2^2’ is trivial. 2’^3. Take any affine open neighborhood U = Spec R 
of y. Then A = Ox) is a graded algebra with Aq = R. We may 

assume that 

A = Z/(mi) © Z/(m 2 ) © • • • © Z/(m*) 

with mi > 0, m* 7 ^ 1. Let A* be a generator of Z/(m*). So Ai,..., As together 
generate A. 

For each i, there exists some expression 1 = with Ui^i G Ax. 

and Vi^i G A-\^. Then contracting U if necessary, we may assume that for 
each i, there exists some h such that Ui^i^Vi^i. is invertible in Aq. So each 
ti '■= Ui^l^ are units of A. If A is torsion-free, then m* = 0 for each i, and 
A = R[tf^, ..., tf^]. So the last assertion has been proved. 

We consider the case that A may have a torsion. We may assume that 
mi, ..., m^ > 2 and m* = 0 for f > r. Set 


R' = R[T ,,..., Tr]/{Tp - C, • • •, - O, 

where Ti,... ,Tr are new variables of degree zero. As R' is a nonzero free 
/2-module, R' is faithfully flat over R. Letting t' := we have that 

W := R'^nA = R%, ...,<, tfl„ ..., tf]/{{tT^ -1,..., {tT^ -1) = R'A, 

as desired. 

3^1 is trivial. □ 

(15.8) Let 99 : X — )■ y be a morphism between locally Krull schemes 
such that 99(X^°^) C and C U YA) , We dehne the pull¬ 

back p* : Div(y) Div(X) by p by p*{avV)vePHY) = {bwW)wepi{x), 
where bw = a-;p^\eYigih(^^^^{Ox,w/va^{w)Ox,w) for the generic point w of 
hF G P^(X) if to G YA (m^(^t,) is the maximal ideal of the DVR Oy,^p{w))-, 
and hw = It A. w E Y A , It is easy to see that p* is a homomorphism, and 
p*{dw{f)) = dw{p*f) if both X and Y are integral and / G , where K 
is the function held of Y. So p* : Ch(y) —)■ Ch(X) is induced. 
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Lemma 15.9. Let be as in fllS.Sp . Then [Ai] i— )■ [( 99 *Al)**] gives a homo¬ 
morphism p}* : Cl(y) —?• C1(X). Moreover, the diagram 


ci'(y) ci(F) 


Cl'(X) C1(X) 


is commutative. 

Proof. To prove the commutativity of the diagram, we may assume that 
both X and Y are integral. It suffices to prove that {(p*Oy{D))** C (p*/C = C 
agrees with Ox{t*L)), where K, and C are the constant sheaves of the rational 
function helds of Y and X, respectively. As {(p*Oy{D))** is reflexive, it suf- 
hces to prove that {(p*Oy{D))1* = {(p*Oy{D))x C L agrees with Ox{t*D)x 
for each x G X^^\ where L is the function held of X. Let y = ’p{x). First 
consider the case that codim?/ = 1. If the coefficient of 1 / in H is a and the 
ramihcation index \eYigth.Q^ ^{Ox,xl^yOx,x) is b, then the coefficient of x in 
ip*D is the product ab by dehnition. So OxiT*D)x = On the other 

hand. 


i^*OYiD))x = OY{D)yOx,x = xn-'^Ox,x = = Ox{t*D)x. 

Next, consider the case that codim?/ = 0. Then the coefficient of x in (p*Zl 
is zero by dehnition. So Ox{t*P>)x = Ox,x- On the other hand, 

((p*Oy(Zl)), = OY{D)yOx,x = KOx,x = Ox,x = Ox{ip*D)x, 

where K is the rational function held of Y. Hence {ip*Oy{D))** = OxiT*D) 
as subsheaves of C. In particular, (p*[Oy{L))] = [Ox{t*L))] in C1(X), and 
the diagram in problem is commutative. 

In the diagram, Oy and Ox are group isomorphisms, and the left (p* is a 
homomorphism. So the right (p* is also a homomorphism. □ 

(15.10) Let X be a locally Krull scheme, and S a subset of P^{X). For 
D = {awW),D' = ( 0 ( 4 /IF) G Div(X), we say that D >s D' if aw > ctw 
W G P^X) \ S. We dehne Ox,e(0) by 

Ox,e(0)) = {0} U {/ G I (div f + P>) >su{WGPi(x)|wn{/=0} 0}. 
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Note that Ox,e = C>x,s(0) is a quasi-coherent C>x-algebra. We dehne = 
Spec Ox,E- As a subintersection of a Krull domain is again a Krull domain 
|Fos[ (1.5)], it is easy to see that Xz is locally Krull. 

As in fll5.8p . the canonical map jz ■ Xz X induces a surjective map 
: Div(X) —>■ Div(Xs). As jz is birational, maps Prin(X) surjectively 
onto Prin(Xs). By the snake lemma, we get the following easily. 

Lemma 15.11 (Nagata’s theorem |Fosl (7.1)]). Let X be a locally Noetherian 
scheme, andT, a subset ofP^{X). Then : Ch(X) —)■ Cb(Xs) is a surjective 
map whose kernel is generated by the divisors supported inT. □ 

Lemma 15.12. Let G = be a split s-torus. Let (p : X ^ Y be a principal 
G-bundle. If X is locally Krull, then the flat pullback p* : Ch(K) —?• Ch(X) 
(see (115.8p ) is surjective. 

Proof. We may assume that Y is integral. Let W G P^{Y). As G is geomet¬ 
rically integral, we have that p~^(W) is integral. Applying |Has9( (5.13)] 
to the map of local rings Oy,w Ox,if-^{w)) we have that p~^{W) G 
P^{X). By Lemma [15.111 Ch(X) —)■ Coker (p* factors through the surjection 
Ch(X) —)• Ch(Xs), where S is the set of prime divisors of the form p~^{W) 
with W G P^iY). It is easy to see that Xz = P~^iv) = Spec K{ri)[t^^, ..., tf^] 
by Lemma [15.71 where p is the generic point of Y. As Ch(Xs) = 0, we are 
done. □ 

(15.13) Let s > 0. A Z^-graded ring R = called a homoge¬ 

neous DVR if i? is a Krull domain with a unique graded maximal ideal (that 
is, a maximal element in the set of graded ideals which are not equal to R) 
P such that ht P = 1. We say that (P, P) is a homogeneous DVR. When we 
set G to be the split torus G^ = Spec ..., t^^], then (P, P) is G-local. 

Lemma 15.14. Let {R,P) be a 'L^-graded homogeneous DVR. Then P is a 
principal ideal. 

Proof. As P is generated by homogeneous elements, we can take a homoge¬ 
neous element a G P \ P^^\ where P^^'^ is the second symbolic power of P. 
Then a minimal prime of a must be height-one homogeneous, and hence a 
generates P. □ 

(15.15) Let (P, P) be a Z^-graded homogeneous DVR. Set Q to be the 
localization of P by all the nonzero homogeneous elements. It is the G-total 
ring of quotients of P |Has71 (3.1)], as can be seen easily. 
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Lemma 15.16. Q = R[a and R = Q f] Rp. 

Proof. As does not have a nonzero homogeneous prime ideal, any ho¬ 
mogeneous element of is a unit, and we cannot localize homogeneously 

any more, and so Q = holds. 

Obviously, R <Z Q H Rp. Let /? G Q fl Rp. We can write fi = hjoR for 
some n > 0 and b ^ R. Take n as small as possible, and assume that n > 0. 
Then b = /3a” G i? fl PRp = P, and b is divisible by a. This is absurd. □ 

(15.17) Let i? be a Z^-graded Krull domain with the held of fractions 
K. We say that A is a dehning family of homogeneous DVR’s of B if each 
element i? G A is a homogeneous DVR which is a graded subring of Qg{B), 
and B = where Qg{B) is the localization of B by all the nonzero 

homogeneous elements of B. 

Lemma 15.18. Let B be a -graded Krull domain with the field of frac¬ 
tions K. Set Ai = {i?{p) I P is homogeneous and of height one}, where B(^p) 
denotes the localization of B by the set of homogeneous elemets of B \ P. 
Then Ai is a defining family of homogeneous DVR’s of B. If A is a defining 
family of homogeneous DVR’s of B, then A D Ai, and thus Ai is the smallest 
defining family of homogeneous DVR’s of B. 

Proof. It is easy to see that {B(^p), PB(^p)) is a homogeneous DVR and is a 
graded subring of Qg{B) = i?(o) for a homogeneous height one prime P of 
B. We prove that B = flReAi~ Op^iP)- ^ ^ trivial. Let 

a/b G f]pB(^p), where a E B and 6 is a nonzero homogeneous element of 
B. As a minimal prime of Bb is homogeneous, a/b G Bq for any height one 
inhomogeneous prime ideal Q. On the other hand, obviously, a/b G Bp for 
any P. Thus a/b G {f]pBp) fl since R is a Krull domain. 

Next, let A be a dehning family of homogeneous DVR’s of B. For R E A, 
let rriR be the graded maximal ideal of R. Then 

B= f]R = QG{B)nf]Rm^ 
rga r 


by Lemma [15.161 

Let P be a homogeneous height-one prime ideal of B, and assume that 
Bp D Qg( 5). Set ^ = PBp n Qg{.B). Then qi O P = PBp O P = P, and 
hence ip = PQg{B) contains 1, and this is a contradiction. So Bp does not 
contain Qg{B). When we express Qg{B) = flp'gA'where A' is a set of 
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DVR’s whose field of quotients are K, then Bp G A' U I -R ^ A} by 

|Mat[ (12.3)]. As we know that Bp ^ A', Bp = for some R E A, and 
hence i?(p) = Qg{B) fl Bp = Qg{B) fl = R E A. Hence Ai C A. □ 

(15.19) Let y be a locally Krull integral R-scheme which is quasi-compact 
and separated over S. Assume that Y has an hy-ample Cartier divisor D 
(that is, H is a Weil divisor on Y such that Oy{D) is an hy-ample invert¬ 
ible sheaf), where hy '■ Y —)■ S' is the structure map. Set A = 7l(Y;D) : = 
(^v)*(0„>o where T is a variable. By assumption, the canoni¬ 

cal morphism u : Y -eY := Proj A is an open immersion [Stack! (27.24.14)]. 
We identify Y with the image u{Y) of u, and regard Y as an open subset of 

y. 

Lemma 15.20. Y is large in Y. 

Proof. The question is local on S, and hence we may assume that S is affine. 
The question is also local on y, so it suffices to show that for any n > 
0 and 0 ^ s E An = T{Y,0{nD)), Yg is large in Dy{sT^), where W = 
y \ Supp(Coker(s : O -E- 0{nD))). Note that il+(sT”) is affine with the 
coordinate ring 

{0} U {/ G I div/ -I- r(divs -f nD) > 0 for some r} = r(ys, C>y), 

and the inclusion Yg -E Zl+(sT"') is the obvious map. Set R = TiYs^Oy). 
As R = TiYg^Oy) and Yg is locally Krull integral, we have that R = 
ClwGP^iVs) ^Y,w i? is a Krull domain, where P^(J) dentoes the set 
of prime divisors. Then as i? is a Krull domain and is the coordinate 
ring of R>+(sT”), R = flwgpqD+c^T")) % [Matj (12.3)], each W in 

P^(Dp(st"‘)) must intersect Yg. Namely, Yg is large in Dp(sT"‘). □ 

(15.21) Let y and B be as above. Let s > 1. Set G to be the split 
torus of relative dimension s. That is, G = Spec ..., t^'^] XspecZ S. 

Let Di, ■ ■ ■ ,Dg be Weil divisors on Y, and assume that we can write D = 
Y.Ui AiDi for some p = (pi ,..., iig) E V. 

Set V = where for A = (Ai,...,As) G Z^, Dx : = 

^^^1 AjUi, and R = Note that H is a quasi-coherent subalge¬ 
bra of the constant sheaf of algebra ... ,tf^] over Y, where K is the 

rational function field of Y. 

The (relative) multisection ring of Hi, • • ■ , is defined to be 
B = n{Y-Dy...,Dg) := (hy)*(^^)- 
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(15.22) We set X = Spec^ S, and Z = Spec^ V. Note that V is Z'^-graded, 
and hence the canonical map tt : Z —)■ F is a G-invariant morphism. There 
is a canonical map v : Z ^ X, since B = {hY)*{T>). It is a G-morphism. 

Lemma 15.23. There is a large open subset V ofY such that Di\v is Cartier 
{that is, Ov{Di\v) is invertible) for i = 1,... ,s. 

Proof. Let Y = lJ 7 eJ affine open covering with Yj connected. Then 

by the proof of |Has91 (5.33)], for each j, we can take a large open snbset Vj C 
Yj snch that is Cartier for i = 1,..., s. Now define V : = U.ejK/. □ 

We fix snch a V. 

Proposition 15.24. v : Z ^ X above is an open immersion. We identify Z 
by v{Z) and regard Z as an open subscheme of X. Then U := ■k~^{V) C Z 
is large in X. 

Proof. The qnestion is local on S, and we may assnme that S = Speci? 
is affine and hence B = B = 0;^ Bx is a graded i?-algebra. Let n > 0, 
and s G r{Y,OY{nD)). Then the degree A component B[{sC^)~^]x of the 
localization B[{sC^)~^] is 

\J{srn~'^Bx+rnf. = (lJr(Z,Gy(ZlA + r(div5 + nZl))))t^ = T{Ys,Oy{Dx)). 

r>0 r 

So if, moreover, Yg is also affine, then v maps 7r“^(W) isomorphically onto 
the open snbset = Speci?[(sG^)“^]. 

We can take a snfficiently divisible n and Si,..., G r(y, OY{nD)) snch 
that each K,. is affine and IJ- Yg. = Y. Hence v is an open immersion whose 
image is X \ 1/(J), where 

(32) J ={.SiC^^,...,SmC^^)^B. 

To prove that U is large, since V is large in Y, replacing Y hy V (this 
does not changes X), we may assnme that V = Y (and U = Z). It snffices 
to prove that J has height at least two. 

Before we hnish the proof, we need some constrnctions. 
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(15.25) Let the notation be as above {S is affine). For each W G P^{Y), 
dehne Pw = r(y, (!ly(ZlA — W))t^. This is a graded prime ideal of 

B. For 77, > 0 and s G F(F, OyinD)), the localization Pw is 

0A F(Fs, Oy{Dx — W))t^. As affine Yg with YgOW 7 ^ 0 forms a fundamental 
set of open neighborhoods of the generic point w of W, we have 

(33) Bs - ^({0} U {/ G iF"" I div(/) + Dx >pi(y)\{w} 0}) ■ 

A 


and 

(34) {Pw)s = 0({O} U {/ G iF" I div(/) + Dx >phy)\{w} 0}) ■ t" = aBs, 

X 

where S is the homogeneous multiplicatively closed subset of B given by 

5 = I n > 0, s G F(y, Ox{nD)), Yg is affine, T, n IF ^ 0} U {1}, 

a is the generator of the maximal ideal of Oy,Wj and Cj is the coefficient of 
W in the divisor Hj. So B^ is a homogeneous DVR with the graded maximal 
ideal {Pw)s- In particular, Pw is a homogeneous height one prime of B, and 
Bs is the homogeneous localization B(^p^y 

Lemma 15.26. The map W 1—)■ Pw gives a bijection between P^{Y) and 
the set HP^{B) of homogeneous height one prime ideals of B. We have 
B = OwePHY) ^(Pw)- B is a Krull domain. 

Proof. By the hrst equality of (jSS]), it is easy to see that B = Hweppy) B{p^)- 
As each B(^p^-) is a homogeneous DVR, B is (graded) Krull. We know that 
Pw £ HP^{B) for P^{Y). As V is a separated scheme, the description 
of fl5T|) shows that W 1 —)■ Pw is injective. By Lemma 115.181 and the fact 
B = riwGPqy) B{p^) (with Q{B) = QiB(^p^)) = K{t^\ .. .,tf^)), W ^ Pw 
is surjective. □ 

The following lemma hnishes the proof of Proposition 115.241 

Lemma 15.27. Let .J be the ideal of B defined in ([32]). Then the height of 
J is at least two. 
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Proof. Assume the contrary. As J is graded, J is contained in some Pw- 
Since Y = Yg^, there is some i such that Yg^ intersects W. Then Sit^^ G J 
cannot be an element of Pw by the dehnition of Pw- A contradiction. □ 

Now Proposition 115.241 has been proved. □ 

We have a diagram of S'-schemes 

(35) a: Y , 

where X = Spec^B, Id is a large open subset of Y such that Di\v is Cartier 
for I = 1,..., s, TT : Z —)• Y and v : Z ^ X are the canonical maps, 
U = 7r“^(ld), p U = 7r“^(ld) V the restriction oi n : Z ^ Y, i : U ^ X 
the composite U Z ^ X, and j :V ^ Y the inclusion. 

Theorem 15.28. Let S be a scheme, hy '■ Y ^ S an integral locally Krull 
S-scheme with an ample Cartier divisor D. Let G he the s-torus 

SpecZ[ti^\ . . . XspecZ S 

over S. Let s > 1, and Di,...,Dg divisors on Y such that D G 

Let the diagram fl35ll he constructed as above. Then it is a rational almost 

principal G-bundle. X is a locally Krull scheme. 

Proof. By construction, tt : Z —)■ T is G-invariant, and n : Z —)■ X is a 
G-morphism. V is large in Y by construction. As G Z is the base change 
of Id F, G is a G-stable open subset of Z. So the diagram is a diagram 
of G-schemes, and G acts on Y and Id trivially. 

i is an open immersion and i(l/) in X is large by Proposition 115.241 
The fact that p is a principal G-bundle follows from Lemma 115.71 easily. 
To prove the last assertion, we may assume that S is affine, and this case 
is done in Lemma [15.261 □ 

Corollary 15.29. Let the notation be as above. Then 7 = it,p*j* : Ref(y) —?• 
Ref(G, X) is an eguivalence. The guasi-inverse is given by 6 = {fl)^i*p*i* : 
Ref(G, X) —)■ Ref(y). For a divisor E on Y, Oy{E) corresponds to 

Oy{Dx + E)t^). 

agz® 

In particular, Oy^Dy) corresponds to where Kp/) denotes the shift of 

degree. 7 is eguivalent to v^(J)**7i*, and 6 is eguivalent to where 

(?)** denotes the double dual. 
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Proof. Follows easily from Theorem 115.281 and Theorem 111.21 □ 

Lemma 15.30. Let the notation he as above, and let M G Ref(y) corre¬ 
sponds to A4 E Ref(G,X). Namely, set 

A4 = 

Then the G-local cohomology H_x\zi-^) ^ = 0,1, and 

IVxxziM) ^ 0(fl-‘ftK).(A/'(CA))(" 

AgZ® 

for i > 2, where Af{Dx) denotes the reflexive sheaf {J\f <^Oy CIy{Dx))**■ 

Proof. From |Has01 (4.10)], the sequence 

0 ^ ^ M A v,v*M -E -e 0 

is exact, and = Hfx\zi.-^) i>2. As A1 is reflexive and Z 

is large in X, n : A1 —)■ v*v*A4. is an isomorphism. The result follows. □ 

(15.31) Let R be a commutative ring, M a hnitely generated abelian group, 
and G := SpecRM, where RM = Rt^ is a group algebra of M over 

R. Letting each group-like, G is an R-group scheme. A G-module is 
nothing but an RM-comodule. If R is a G-module, then V = 0mgM ^ 
a G-module, where 

(36) Vm = {v eV \ uv{v) = n ® t™}. 

Conversely, if R = R„ as a graded R-module, then letting fl36|) the 

dehnition, R is a G-module, and a G-module and an RM-comodule and an 
M-graded R-module are the same thing. 

So a G-algebra is an M-graded R-algebra B = 0mRm, where ujb{P) = 
6 (g) for b E Bm- We follow the convention that if G acts on an affine 
R-scheme X = SpecR, then R is a G-module by {gb){x) = h{g~^x). That is, 
a{h) = t~^®h for b E B^ (since the antipode of RM sends to t~^), where 
a -. B ^ RM Z>R B is the map corresponding to the action G x X — )■ X. 

For a (G, R)-module N, the G-linearization 

(f) : {RM (Zr R)a X ^ (RM Or B)^ N 

maps (l(g)l)®n to (R”^®l)®n for n E N^, where fl is given by fl{b) = 1®6, 
and corresponds to the second projection p 2 : G x X ^ X. 
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Proposition 15.32 (cf. |EKWl (1.1), (3)]). In Theorem I15.28L assume that 
S is quasi-compact quasi-separated. Then we have an exact sequence 


0 ^ X{G,X) ^ X{G) 4 C1(F) 4 C1(X) ^ 0, 

where X{G) = X{G,X) = {A G X{G) \ n Bx ^ d)} {where B = 
T{X,Ox)), Oi is the inclusion, f3{ei) = OyiDi) {si = (0 ,..., 0,1, 0,..., 0) 
with 1 at the ith place), and 7 = {i*)~^p*i*. 

Proof. The map j* : 01(1") —?• C1(V") is an isomorphism. The map p* : 
01(0) —)■ 01(1/) is surjective by Lemma [15.121 As the map i* : 01(X) 
01 (1/) is an isomorphism, we have that 7 = {i*)~^p*j* ■ 01(0) —)■ 01(X) is 
surjective. 

Note that ^{OYiDx)) = Ox(A) in 01(0*,X) by Oorollarv 115.291 In par¬ 
ticular, it is zero in 01 (X). 

Note that the map 7 : 01(0) —)■ 01(G, X) is an isomorphism by Theo¬ 
rem [TOl and 7 (C>y(Zli)) = t~^Ox = Oxi^i) in 01(G,X). 

The kernel of the forgetful map r : 01(1/, X) —)■ 01 (X) is the algebraic first 
G-cohomology group Hly^{G, Ox), see [Doll Theorem 7.1] and Theorem 1 11.5 1 
It is explained as follows. An element of Ker r is the isomorphism class of a 
rank-one free module Ox equipped with a G-linearization d) : a*Ox —t P 20 x- 
However, both a*Ox and p^Ox are identihed with Oqxx, and $ is nothing 
but a unit element of the ring G = 0(1/ x X, Ogxx) = ..., / 4 ] B 

(by the projection formula Lip, (3.9.4)]). As H is a domain, we can write 
4* = ® 6 with b E B^ and \ E Tf. From the cocycle condition on $, 

we have that $ = G ^ 1. Oonversely, ® 1 satishes the cocycle condition, 
and the group of 1-cocycles Z\i^{G,Ox) is the character group X{G). By 
dehnition. 


Bl,,{G, Ol) = {cf{gx)/cf{x) 4 G C ^^^(1/, O^). 

As 0 is a homogeneous element, it has a degree, say A. Then (j){gx)/(j){x) = 
t^ (g) 1, and thus Bl^^{G, O^) = X{G, X). 

Then as in 015.311) . the linearization of t~^B corresponds to L ® 1 G 
Zli^{G, Ox), and the exact sequence has been proved. □ 

Proposition 15.33 (cf. |HasK( (1.2), (1.3)]). Let the notation be as m Theo- 
rem ll5.28l Let S be Noetherian with a fixed dualizing complexis, and assume 
that Y and X are of finite type over S. Then 


~ ^^{^Y)*^Y{D\)t^. 
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ojy = Oy{D\) as Oy-modules if and only if ux — C>x(A) as {G^Ox)- 
modules. 

Proof. As Gz = SpecZ[ti*^^,... ,tf^] is a Z-smooth abelian group, Lie(Gz) is 
trivial, and hence ©5 = Lie{Gz)) is trivial, where hs : S ^ SpecZ is 

the structure map. Now the result follows from Theorem 111.181 immediately. 

□ 

(15.34) Let A be the abelian group Z^, and T its subgroup. Let H be the 
torus SpecZr Xspecz S. The inclusion of group rings ZT ZA induces an 
fppf homomorphism of S'-group schemes f : G ^ H. We set N = Ker / = 
SpecZ(A/r) XSpecZ S. 

Let Y be an S'-scheme on which G acts trivially, and Ai = 0 AeA-^A 
a (G, C>y)-module. Then = 0Agr is nothing but the Veronese 

submodule of Ai. 

(15.35) Let the assumptions be as in Theorem 115.281 Let M, T, / : G —)■ 
H, and N be as above. Set 

A' = = ^^(hy),(0 0{D^)t^). 

Aer 

If Ai,..., A^/ is a Z-basis of T and when we set D'l := Dx^, then we have 

= n{Y- D'O = (hy)*( 0 0{a,D[ + ■ ■ • + 

The schemes and morphisms constructed from the divisors D[^. .. ^D'^, in- 
stead of Hi,..., Us are denoted by tt' : Z' —)■ V and p' : U' = (7r')“^(l/) —)■ V. 
Thus Z' = Spec^H^. Let r : Z ^ Z' he the map induced by the map of 
Gy-algebras ^ H. It is an algebraic quotient by N. Note that tt't = n 
and = U. Let n : f/ —)■ f/' be the restriction of r. Let 9 : X ^ X' 

be the map corresponding to the map of Gg-algebras B^ ^ B. Thus we get 
the commutative diagram 



whose hrst and second rows are rational almost principal G- and if-bundles, 
respectively. 


132 



















Lemma 15.36. Let the notation be as above. Then 6 : X ^ X' is a G- 
enriched almost principal N-bundle with respect to U and U'. 

Proof. It suffices to show that v : U ^ U' is a principal A^-bundle. Let 
p : A —)■ A/r be the canonical projection. Let us write p^Ou = ©AgA-^A- 
Then the A^-action on is given by the grading p^Ou = 0A€A/r‘^A) 

where AIa = 0agp-i(a) Then p'^Ou' = {p*Ou)^ Aq is an isomorphism, 
and Ax <8).4g Ap, —)■ AIa_|_^ is surjective for A,/i G A/T. By Lemma [15.71 we 
have that n is a principal A^-bundle. □ 

Lemma 15.37. Let the notation be as above. Then there is an exact sequence 

0 ^ x{N,x) 4 A{N) A ci(a:') a C1(X) ^ 0, 

where A (N) = A/T, A{N,X) = {A G A{N) \ B^nBx ^ 0}, d the inclusion, 
/5(A) = 7'(C>y(iAA)) {where p{\) = A, and this definition is independent of 
the choice of X & p~^{X)), and fi{Ai) = {9*Ai)**, where B = T{X,Ox)- 

Proof. Using Lemma 115.361 we may repeat the proof of Proposition 115.321 
Here we give a proof which use the result of Proposition 115.321 As B is 
a domain, a unit of B is homogeneous. It is easy to see that A {H, X') = 
A{H,X). As 

0 ^ A{H) A{G) A{N) 0 

and 

0 ^ A{H, X') A{G, X) A{N, X) ^ 0 
are exact, we have that the sequence 

0 ^ A{H)/A{H,X') A{G)/A{G,X) A{N)/A{N,X) 0 

is exact. Now the result follows from the commutative diagram 


0 

0 


A{G)/A{G, X) C1(U) C1(X) 


id 

A{H)/A{H, X) C1(U) 


7 

ci(x') 


0 

0 


and the snake lemma. 


□ 
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Lemma 15.38. Let the notation be as above. Let S be Noetherian with a 
fixed dualizing complex I 5 , and assume that Y and X are of finite type. Then 
we have 

ux' — {O^iVx)^ 

as {H, Ox')-'modules. 

Proof. Let L' C A be the subgroup such that T C L', L'/L is a torsion 
module, and A/L' is torsion-free. Then comparing X and X" = Speci?r' 
and then X" and X', we may assume either that is a torus or hnite. If N 
is a torus, we may use Corollary 111.221 1 (note that 0 n,s is trivial in both 
cases). □ 

16. The Cox rings of toric varieties 

We give an example of toric varieties. 

Let M = TP he the free Z-module of rank n. Let k he a. held, and 
Y a toric variety determined by a fan A in M* = Homz(M, Z) [Fulj . Let 
H be the torus Spec kM, where kM is the group algebra of M (with each 
element of M group-like). Let A(l) be the set of one-dimensional faces of 
A. Note that A(l) is in one-to-one correspondence with the set of AT-stable 
prime divisors. For each a G A(l), m* denotes the generator of cr fl M*. 
Let W = 0o-gA(i) be the Z-free module with the basis A(l) so that 
W is the group of if-stable divisors, where is the G-stable prime divisor 
corresponding to a. An element of M is a rational function on Y, and 
divm = ^^(m, m*)flo- G W. We assume that the map div : M ^ W 
is injective, and C1(T) = W/M is torsion-free. This is equivalent to say 
that {m* I a G A(l)} generates M*. We set G = Spec kW. The inclusion 
div ■. M ^ W induces a surjective map f : G ^ H with N := Kerf = 
Specf CICF). Let B = k[xa \ c G A(l)] be the Cox ring of Y [Cox] . where 
Xct are variables, and B is a polynomial ring. Letting each of degree a, 
B is IF-graded, and hence is a G-algebra. We set X = SpecB. We choose 
(Ti, ..., (Ts G A(l) SO that [fli], ..., [fls] forms a Z-basis of Cl(y), where 
Di = D„^. This gives a splitting C1(F) —)■ W (given by [Di] i-)- Df) and the 
direct decompositions W = M ® C1(F) and G = N x H. Then by jCoxl 
(1.1)], B is identihed with 

R{Y; Di,..., D,) = 0 F(F, OyiDx))t\ 

AgZ® 
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Note that mt^ G R{Y] Di,..., Ds)\ corresponds to 2 :divm+D^ for m G M 
and A G and thus this identihcation B = R{Y■, Di,..., Dg) respects the 
fh-grading. 

We set V = Weg- This particular choice is consistent with our main 
discussion in section [151 That is, Id is a large open subset of Y such that 
Di\y is Cartier for each i. Not only that, V is an hf-open subset. Obviously, 
TT : Z —>■ 1/ is a G-morphism which is Winvariant. So we have 

Proposition 16.1. Let the notation he as above. Assume that Y is quasi- 
projective. Then fl5^ is a G-enriched rational almost principal N-bundle. 

Proof. We have already seen that the diagram is that of G-schemes. As Y 
is quasi-projective, it has an ample Cartier divisor D. D lies in 
because this group is the whole Cl(y). By Theorem 115.281 the assertion 
follows. □ 

Corollary 16.2 (cf. [Full (4.3), Proposition], |Stanl (1.13.1)]). Let M = 
lY, and H = SpecfcM. Let Y be a toric variety over a field k defined by 
a fan A in M*. Then the H-canonical module uy of Y is isomorphic to 

Proof. Assume that A is not complete. Then extending A outside, Y is 
an H-open subscheme of a complete toric variety Y determined by A. If 
ujy = Dfi), then restricting to P, we get 

uy^0y(- ^ D.,)\y = Oy{[- ^ D,)\y) = Oy(- D,). 

o-gA(i) creA(i) o-gA(i) 

Hence we may assume that Y is complete. 

Next, subdividing A if necessary, there is an if-equivariant birational 
map between complete toric varieties g ■. Y' ^ Y such that the class group 
is torsion-free and Y' is projective |Odal (2.17)]. Let W be the if-stable 
open subvariety of Y obtained by removing the union of all the if-stable 
closed subvarieties of codimension grater than or equal to two iW is the 
toric variety corresponding to the one skelton of A). It is easy to see that 
g\g-T-{w) • ^ IF is an isomorphism {g~^{W) also corresponds to the 

one-skelton of A). If the corollary is true for F', then it is true also for 
its open subset g~^{W) as above, and then the assertion is also true for F, 
because W is large in F. 
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Thus we are in the situation of Proposition 116.11 Then as in Propo¬ 
sition [TS3S1 it suffices to show that ux — X](jeA{i) 

trivial, since i? is a polynomial ring with the variables x^- □ 

Lemma 16.3. Let S = Specfc with k a field, and G be an affine S-group 
scheme. Let (i?,m.) he a G-local G-algebra such that k ^ B/m is bijective. 
Let F be a B-finite B-projective {G, B)-module such that F/mF is a projec¬ 
tive G-module. Then F is a projective {G, B)-module, and F = B®k{,F/mF). 

Proof. By assumption, the canonical map tt : F ^ F/mF has a G-linear 
splitting i : F/mF —)■ F. We dehne v ■. B ®k {F/mF) —)■ F by v{b 0 a) = 
b ■ i{a). This is (G, i?)-linear, and is surjective by G-Nakayama’s lemma. 
Lemma ri4.171 As F is assumed to be F-projective, u has a F-linear splitting. 
So K = Kerz/ is a F-hnite (G, i?)-module. As can be seen easily, we have 
K/mK = 0, and hence iP = 0 by G-Nakayama’s lemma again. 

For a (G, i?)-module M, we have 

}iomG,B{B {F/mF),M) = Home (F/mF, M). 

So HomG,B(F ®k {F/mF), ?) is an exact functor, and F = B ®k (F/mF) is 
(G, F)-projective. □ 

Proposition 16.4 (cf. jThol Theorem 1], jBru2( section 3]). Let the notation 
he as in Corollary 116.21 Assume that k is a perfect field of characteristic 
p > 0. Then Y is of graded finite F-representation type by some rank-one 
reflexive sheaves M.i,..., M.u on Y, with respect to the action of H. 

Proof. As in the proof of Corollary 116.21 we may assume that Y is com¬ 
plete. As before, let p : F' —)■ F be a birational map between complete 
toric varieties such that Y' is projective and Cl(F') is torsion-free. As¬ 
sume that Y' is of graded hnite F-representation type by rank-one reflex¬ 
ive (®°i7, C>y/)-modules Ali,...,Al„. Then for each e > 1, we can write 
Ff{OeY') = 0 jA/’j as (®F, C>y/)-modules such that for each j, there exists 
some l{j) such that Afj = Aii(j) as Gy'-modules. Then Ff{0<^Y) — 
as {^H, (Py)-modules, since g*OY' = Gy. So each is rank-one reflexive. 
Moreover, g^Mj = g*M.i{j) as Gy-modules. So wasting AT; which does not 
appear in the expression at all, if any, we have that g*M.i ,..., g^Ai^ are rank- 
one reflexive ('^°i7, Gy)-modules, and F is of graded hnite F-representation 
type by p^ATi,..., p^AT^. Hence we may replace F by F', and we are in the 
situation of Proposition 116.11 
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By Corollary 112.81 it suffices to show that there exist some eo > 0 and 
hnitely many rank-one S-free {^°H x N, i?)-modules such that is a 

direct sum of copies of these modules as {N, i?)-modules, where B is the Cox 
ring of Y. 

By Lemma [16.31 we have that = B ® (^B/vcfB) = B ® 
as (®G, i?)-modules, where = xn^^^B. We identify a ^G-module with a 
p“®W-graded fc-vector space. Then we have that is the sum of 

one-dimensional representations 

(oo-)GMap(A(l),[0,l)np“=Z) (oo-) O' 

So 

‘B= 0 B(-J2a,D,). 

(oCT)GMap(A(l),[0,l)np-=Z) O' 

Hence = 0(q,^)-B(— tto-i^cr), where the sum is taken over 

(ttcr) G Map(A(l), [0,1) n such that — Xlo-“o-[-Do-] G p~^C\(Y) lies 

in Cl(y). Let vr : = Map(A(l),M) —)■ Cl(y)R be the map given by 

7 r(ao-) = Xlcr Q^o-[-Dcr]• Then 7r([0, l]"'”''^) fl Cl(y) is compact and discrete, 
and hence is hnite. So we can hnd some Cq and rank-one free summands 
Ml,..., Mu of for e < Co (e may vary) such that any other rank-one 

free summand of for any e is (A, H)-isomorphic to some Mi. This is 

what we wanted to prove. □ 

The following is well-known. 

Proposition 16.5. Let the notation he as in Corollary 116.21 Assume that k 
is a perfect field of characteristic p > 0. Then Y is globally F-regular. 

Proof. By Lemma [13.Ill and Corollarv ll3.81 we may assume that Y is projec¬ 
tive and the class group of Y is torsion-free. As the torus N = Spec k C1(H) 
is smooth linearly reductive and the polynomial ring B is strongly F-regular, 
Y is globaly F-regular by Theorem 113.141 and Proposition 116. ll □ 

Corollary 16.6. An affine normal semigroup ring over a field of character¬ 
istic p > 0 is strongly F-regular. In particular, it is Cohen-Macaulay. 

Proof. Let A be an affine normal semigroup ring over k. By jH^ (3.17)], 
we may assume that k is algebraically closed. Then by Proposition 116.51 
the associated affine toric variety Spec A is globally F-regular. That is, A is 
strongly F-regular. □ 
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17. Surjectively graded rings 

(17.1) As we have seen in the last section, we can construct a rational al¬ 
most principal bundle from a multisection ring over a normal quasi-projective 
variety over a held. However, given a hnitely generated multigraded algebra 
B over a held k, it seems that it is not so easy to tell if i? is a multisection 
ring. But this is relatively easy for the case that B is surjectively graded. 

(17.2) Let A = and G = SpecZA, the split s-torus over Z. Let B 

be an A-graded ring. Let S be a subsemigroup (submonoid) of Ar = M'^. 
We say that B is T,-surjectively graded if for A, A' G E fl A, the product 
B\ ig)z B\/ —)■ i?A+A' is surjective. By dehnition, B is E-surjectively graded if 
and only if it is E fl A-surjectively graded. 

The dehnition is a variant of |Has3[ (3.5)]. For a A-graded domain B, 
E(B) := {A G A I i?A 7 ^ 0} is a subsemigroup of A. We say that i? is a 
surjectively graded domain if H is a E(i?)-surjectively graded domain. 

Lemma 17.3. SpecH —)■ SpecHo is a principal G-bundle if and only if B is 
surjectively graded. 

Proof. This is Lemma 115.71 □ 

Lemma 17.4. Let B he a Tj- surjectively graded ring, and S a multiplicatively 
closed subset of B consisting of homogeneous elements. Set [S'! = {|s| | s G 
S} be the submonoid of A of the degrees of the elements of S. Assume that 
I S'! C E. Then the localization Bs is E — \S\-surjectively graded, where 

E — 151 = {/i — |s| I /i G E, s G 5}. 

Proof. Take z/j = /i* —|sj| G (E —|5|)nA for i = 1, 2, where /ij G EflA and Sj G 
S. Take c = bs~^ G {Bs)ui+U 2 y where s G 5 and b G Then bsiS 2 G 

B^j+^ 2 +|s|. As B^^ <8)z5^2+ld ^/n+/i 2 +ld surjective, we can write bsiS 2 = 

Y^iUiVi with Ui G B^^ and Vi G B^^+\s\- Then c = Z]i(^i'5]'^)(niS“^s^^), and 
UiSf^ G {Bs)y., and ViS~^sf^ G {Bs)^^- So {Bs)y., {Bs)^^ (^s)i/i+i/2 is 

surjective, and Bs is E — 15[-surjectively graded. □ 

(17.5) Let E be a rational convex polyhedral cone in Ar with E — E = Ar. 
Let A G E° n A, where E° is the interior of E. Then we have E — Z>oA = Ar. 

Let H be a E-surjectively graded ring. Let J(A) be the ideal of B gener¬ 
ated by Bx. Set X = Spec B, and U = X \ V (J(A)). 
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Lemma 17.6 (cf. |Has3l (3.8)]). There is a principal G-bundle p : U ^ Y. 
If ht J{\) > 2, then 

(37) X Y 

is a rational almost principal G-bundle, where i : U ^ X is the inclusion. 
We have Y = Proj ^n>o^n\G. U is independent of the choice of X G S°nA, 
and hence Y is also independent of X. 

Proof. For /r G A, let B{p) be the rank-one S-free (G, i?)-niodnle given by 
B{p)u = B^^y. The corresponding G-linearized invertible sheaf on X is 
denoted by 0{p). Let G be the section ring 

G = r>o(X; G(A)) = 0 r(X, 0{nX))r = 0 B{nX)e. 

n>0 n>0 

Let D be the ring of invariants G^. That is, D = 0„>o B^xG. Then we 
have a sequence of morphisms 

U 4 Proj G \ 14(T>+G) ^ Proj D, 

where D^G is the ideal of G generated by = ^^^QBnxG- It is easy to 
see that i is an isomorphism (recall that X = Proj G). On the other hand, 
it is easy to see that the map induced by the graded homomorphism of 
graded rings H —)■ G is an algebraic quotient by G. For a G Bnx\0 for n > 1, 
B[a~^] is AiR-surjectively graded. By Lemma 117.3( -0 is a principal G-bundle. 
So letting p = fjL, we are done. 

As Bf'^ —)■ Bnx is surjective, J(A)"' = J{nX). If p is another element 
of n A, then nA — /i G S for sufficiently large n. So B^ (8)z Bnx-^ —)■ 
Bnx is surjective, and J{p) D J{X)"'. Hence x/jfjf) D x/ J{X). Similarly, 
x/J{p) C x/JW is also true, and the definition of U is independent of A. 
As the principal bundle is a categorical quotient and hence is unique, Y is 
also independent of the choice of A. □ 

(17.7) Let the assumption be as in Lemma [17.61 Let C{p) be the invertible 
sheaf on Y corresponding to 0{p). Namely, C{p) = p,^{Ou{p))‘^. Then we 
have p*{C{p)) = Ou{p). Note that p is affine, and p^^Ou is a graded Oy- 
algebra: As C{p) = p^Ouip)^ = (0^Al^+^G)^ = A,,, 

we have that U = Spec^ Hence 
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Lemma 17.8 (cf. |Has3[ (4.4)]). If B is a Krull domain, then U and Y are 
locally Krull and integral. If B is Noetherian and {S 2 ), then U and Y are 
Noetherian and (S' 2 ). In both cases, B is isomorphic to the multisection ring 

Proof. Assume that S is a Krull domain. Being locally Krull and integral 
is inherited by a nonempty open subset, and U is locally Krull and integral. 
Then by Theorem IIP. 131 Y is also locally Krull, and clearly integral. As U is 
large. Ox —t i*Ou is an isomorphism by |Has9( (5.28)], and B is isomorphic 
to R{Y;Ci,.. .,Cs). 

Next, assume that B is Noetherian and (5*2). This property is inherited by 
the open subset U, and then descends to Y. Again, as U is large. Ox —t i*Ou 
is an isomorphism by Lemma 17.311 and we have B = R(Y ; £ 1 ,..., Cg). □ 

Proposition 17.9. Let k be a field, and let B = 0„>o-Bn be a standard 
graded algebra, that is, B = k[B]\ with dim^ Bi < 00 . Assume moreover that 
dimB > 2. Then we have 

1 Letting U = X \ 0 and Y = Proj B, (1371) is a rational almost principal 
Gm-bundle, where 0 is the origin of X. 

2 uy = ujb and ujb — > where (?) denotes the sheaf 

on Y associated with a graded module. 

3 Let d > 1. Let B^z = ®n>o^nd be the Veronese subring. Then 

{aJB)dz — as Ij-graded modules. If, moreover, B has a graded 

full 2-canonical module M, then ujb — {B Gb^i. j where (?)^ = 

HomB(?,M). 

4 {cf. Goto-Watanabe |GW1 (3.2.1)]) For r G Z, the following are eguiv- 
alent. 

sl B is guasi-Gorenstein of a-invariant rd {that is, ujb — B{rd)). 

b depth > 2, and Bdz is guasi-Gorenstein of a-invariant rd {that 
UJBaz - Bdz{rd)), 

where m is the irrelevant ideal By of B. In particular, B is gusi- 
Gorenstein and its a-invariant is divisible by d if and only i/depth B^. > 
2 and the Veronese subring Bdz is guasi-Gorenstein. 
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5 Assume that B is normal. Then 0 —)■ Z A C1(F) A C1(X) ^ 0 zs 

exact, where /5(1) = 0(1), and = 0^ggr(F, A^(?7,)). 

6 Let d> 1, and set X' = Spec-B^z. If B is normal, then 

0 ^ Z/dZ A Cl(X') A C1(X) ^ 0 

is exact. 

Proof. Let s = 1 and A = Z, and A = 1. Set S = Yq = Spec k, G := Spec kA, 
and Iq •= Specfc. Then J(l) is the irrelevant ideal -B+ by assumption, and 
ht J(l) > 2, since dimi? > 2. Thus 1 follows from Lemma [17.61 

Note that Qg,Yo is G-trivial, since G is an abelian group, see Remark lll.21[ 
So uy — {pA*0Jx)^ by Theorem 111.181 The right-hand side agrees with Cjb 
by dehnition. On the other hand, by Theorem 111.181 ojx — i*p*uJY, and 
hence ojb — 0nGZ azy(n))G. So 2 has been proved. 

Set Ad = dA = Zd, and H := SpecZA^. Let / : G —?■ iL be the canonical 
homomorphism induced by Ad ^ A, and N := Ker/ = SpecZ(A/A(i) = pd- 
As G acts freely on U, N acts on U freely. So the canonical map 6 : X ^ X' 
corresponding to Bdz = B^ —)■ i? is a G-enriched almost principal A^-bundle. 
As N is linearly reductive, 3 follows from Corollary 111.221 

4. a^b. As B is quasi-Gorenstein, it satishes (A)- As dimi?m > 

2 by assumption, we have that depth > 2. Letting C = Ox'{rd) in 

Theorem 114.241 5, — Bdz{rd) follows. 

b^a. Let U = X \ 0, X = Spec as above, and 9 : X ^ X' the 
canonical map. Let U' = 9{U), and v : U ^ U' he the restriction of 6. As 
zj is a principal X-bundle by Lemma 115.361 it is flat with Cohen-Macaulay 
hbers. As U' is quasi-Gorenstein, U satishes the (S'2) condition. AsU = X\0 
and depth By^ > 2, X satishes the (S'2) condition. Now the result follows from 
Theorem 114.241 5. 

5, 6. As we assume that B is normal, B = ®„,^r(y;Oy(n)) by 
Lemma flT.SI So 5 follows from Proposition ll5.321 6 follows from Lemma [15. 3 71 

□ 

Example 17.10. Let B = k[x,y\ with deg a; = degy = 1. Then X = h?, 
U = \ 0, and Y = P^. The category of locally free sheaves on P^ is 

Ref(F), which is equivalent to Ref(Gm,X) = Ref(Gm,il). As dimR = 2, 
a rehexive (G^, R)-module is nothing but a graded hnite free R-module. A 
graded hnite free R-module is a direct sum of copies of B{n), n E Z, and the 
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Krull-Schmidt theorem holds. Hence a locally free sheaf on is a direct 
sum of copies of 0{n), n G Z, and the Krull-Schmidt theorem holds. This 
is a well-known theorem of Grothendieck, see IHazMl (4.1)]. 

Example 17.11. Let B = k[x,y] with degx = 1 and degj/ = —1, and 
X = SpecB = A^. As Gm acts freely on B[x~^] and on B[y~^], we have 
that G acts freely on X \ 0. In particular, for n > 1, the subgroup scheme 
N = yn+i acts freely on X\0. In particular, cp : X = Spec B —)■ Spec B^ = Y 
is an almost principal X-bundle. So the class group of B^ = k[x"‘~^^, xy, y"‘~^^] 
is X{N) =Z/{n + 1)Z [Watl Proposition 4]. 

Lemma 17.12. Let k be a perfect field, G a finite k-group scheme acting 
on a k-scheme X. Assume that there is a separated G-invariant morphism 
(f : X —)• K. Then the action of G on X is free if and only if the actions of 
Gred o,nd G° on X are free. 

Proof. The only if part is trivial. We prove the if part. We may assume 
that k is algebraically closed. Assume that the actions of Gj-ed and G° are 
free, but the action of G is not free. Then take x ^ X \ U, where U is the 
free locus. Then the stabilizer Gx is nontrivial by Nakayama’s lemma. As 
(G 3 ,) 2 'ed LL Gx G (Gred G/c ^(^)) (Gred)^: c, Gx is Contained in Gx G (G G/c 
n{x))° = {G°)x = e, and Gx is trivial. A contradiction. □ 

Lemma 17.13. Let k be a perfect field, G a finite k-group scheme acting on 
a k-scheme X. Let p : X ^ Y be an algebraic guotient by G°. Assume that 
there is a separated Gred-invariant morphism : Y ^ Z. Then SG^,,,r,x = 
“^GredT Xy X. The action of Gred on X is free if and only if its action on Y 
is free. 

Proof. We may assume that the characteristic of A; is p > 0. By Lemma [1.81 
‘^GredX “Z Xy X. As both of them are hnite over X, to prove the 

equality, it suffices to show that Sg,.^^^x = <SGred,y Xy x for each point x of 
X, by Nakayama’s lemma, where y = p{x). Let Ox : Gred x x ^ X and 
Oy : Gred X 2 / —)■ y be the actions. Then 

SGr.d,y XyX = a-\y) XyX= (Ic^ed x P)~^ay\y) = af\p~\y)). 

As Gred X x is etale over k{x), it is reduced, and hence any morphism from 
Gred X a; to p~^{y) factors through ((p“^(p))red- As G° is inhnitesimal, p is 
purely inseparable. So (<p“^(p))red = x, and 

^Gr,d,y XyX = af\{p-\y))red) = affix) = 
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Thus = XyX. If the action of Gred on Y is free, then Sg^^^,y is 

trivial, and its base change Sg^^^,x is also trivial, and the action on X is also 
free. Conversely, assume that the action on X is free and Sg^^^,x is trivial. 
Let C be the cokernel of Oy —t 4>X^Sg ^ yi where 0^ : —)■ F is the 

structure map. Then 

is exact. By assumption, = 0. As <p is hnite surjective, C = 0 by 

Nakayama’s lemma. This shows that the action of Gred on Y is free. □ 

Proposition 17.14. Let k be afield, n>l, and G be a linearly reductive fi¬ 
nite subgroup scheme of SL^. Then the canonical action ofG on k[xi,..., x„] 
is small. The action of G on k[[xi,... ,Xn]] is also small. 

Proof. We prove that the action of G on fc[a:i,..., x„] is small. We may as¬ 
sume that k is algebraically closed of characteristic p > 0, and n > 2. It 
suffices to show that the actions of G° and G^ed are small by Lemma 117.121 
As Gred C SLn, G^ed does not have a diagonalizable pseudoreflection. As Gred 
is linearly reductive, G^ed does not have a transvection (that is, a pseudore¬ 
flection g G GLn such that 1 — p is nilpotent) by Maschke’s theorem (as the 
Jordan normal form shows, the order of a transvection in characteristic p is 
p). Thus Gred does not have a pseudoreflection of any kind, and the action 
of Gred is small. 

So we may assume that G is infinitesimal. Let B = k[xi,... ,a:„]. As G 
is also linearly reductive, G is diagonalizable |Swe2j . So 0j fex* is a direct 
sum of one-dimensional G-modules. Changing variables, we may assume that 
G C T n SLn, where T is the subgroup of GLn consisting of the invertible 
diagonal matricies. Considering the action of TnSL„ is to consider a TP/{a)- 
grading, where a = (1,1,..., 1). So when we invert yi = {xi- ■ ■Xn)/xi, then 
the action of the torus T fl SLn on B[y~^] is free for 1 < f < n, and hence the 
action of G is also free. Thus it suffices to show that the ideal / = {yi,..., yn) 
of B is height two. By definition, I is the Stanley-Reisner ideal (the dehning 
ideal of the Stanley-Reisner ring, see |Stanl (11.1.1)]) of the (n — 3)-skelton 
of the (n — l)-simplex. So dimR/J = n — 2, and htJ = 2. 

The last assertion follows from the hrst assertion and Lemma 114.21 □ 

Remark 17.15. Let fc be a field, V = k'^, and G = GLn = GL{V). We define 
PR(G) = {p G G I rank(ly — g) < 1}. 
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It is a closed subscheme of G. For a closed subscheme F of G, we dehne that 
PR(F) = FnPR(G). We say that a hnite subgroup scheme G of G does not 
have a pseudoreflection if PR(G) = {e} = Spec fc, scheme theoretically. On 
the other hand, we say that G is small if the action of G on R is small. 

By Example 114.51 if G is etale, then G is small if and only if G does not 
have a pseudoreflection. However, in general, a small subgroup G of G may 
have a pseudoreflection. For example, if p = 2 and G is the subgroup scheme 
of SL 2 of type (Hi), then it is easy to see that G = PR(G). 

The author does not have an appropriate way to connect the smallness of 
the action and the non-existence of pseudoreflections for non-reduced hnite 
group schemes. 

(17.16) Let k be an algebraically closed held, and iV be a nontrivial hnite 
linearly reductive fc-subgroup scheme of SL 2 . Such N is classihed with Dynkin 
diagrams of type ADE [Has M- Let H = Gm, which acts on R = k[x,y\ by 
degx = degp = 1. Then G = H x N acts on R in a natural way. By 
Proposition 117.141 the action of on X = Spec R is small. 

The following is well-known for the case that N is etale, see [LeWl Chap¬ 
ter 6]. 

Theorem 17.17. Let k, N C SL 2 , H, G, B = k[x,y\, and X he as above 
{N may not he reduced). Set A = . Let A and B respectively be the 

completion of A and B with respect to the irrelevant ideal. Let ip ■. X = 
Spec B ^ Y = Spec A be the canonical algebraic quotient, and p : X = 
Spec B ^ Y = Spec A be its completion. Then 

1 The free locus of the action of N on X [resp. X) is X\0 (resp. X\0). 

In particular, p and p are G-enriched almost principal N-bundles. 

2 A is strongly F-regular Gorenstein of the a-invariant —2. 

3 The category of B-finite B-free {N, B)-modules and the category of 
maximal Cohen-Macaulay A-modules are equivalent. The Cohen-Macaulay 
ring A has finite representation type, and any maximal Cohen-Macaulay 
module of A is isomorphic to My := (R V)^ for some finite dimen¬ 
sional N-module V. My is indecomposable if and only if V is simple. 

My = Myr if and only if V = V. An isomorphism class of simple 
modules of N corresponds to a vertex of the corresponding extended 
Dynkin diagram. 
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4 The category of B-finite B-free (G, B)-modules {that is, graded {N, B)- 

modules) is eguivalent to the category of maximal Cohen-Macaulay 
{H, A)-modules {that is, graded maximal Cohen-Macaulay A-modules). 
Any graded maximal Cohen-Macaulay A-module is isomorphic to My = 
{B , where V is a finite dimensional G-module. My is indecom¬ 

posable if and only ifV is simple. So A is of finite representation type 
in the graded sense {see |LeWl Chapter 15]). My = My if and only if 
V = V. 

5 The class groups of A and A are isomorphic to the character group 
A!{N). A!{N) is 7j/{n + l)7j for type {An), Zf 21 x'Ijf2'Ij for type {Dn), 

for type {Eq), Z/2Z for type {Ej), and is trivial for {Eg), and is 
independent of the characteristic ofk. 

Proof. 1 As we have seen, the free locus U of the action of on X is large 
in X. As U is G-stable and large, we have that U = X or U = X\ {0}. 
However, the origin is a fixed point of the action, and 0 ^ U. The case of X 
is similar. 

2 As X is Reynolds, A is a pure subring of B by Lemma 15.131 Hence A is 
strongly F-regular by |HocHl (3.1)]. As we have that N C SL 2 and linearly 
reductive, A is Gorenstein of a-invariant —2 by Example 114.281 4. 

3 By 1, the categories Ref(A) and R.ei{N,B) are equivalent. As A is a 
two-dimensional Cohen-Macaulay local ring, a reflexive A-module is nothing 
but a maximal Cohen-Macaulay module. As R is a two-dimensional regular 
local ring, any reflexive R-module is free. By Lemma [16.31 such a module is 
of the form R 0^ R with V a hnite dimensional X-module. V ^ B^kV and 
E I—)■ E/xnE is a one-to-one correspondence between the set of isomorphism 
classes of finite dimensional X-modules and the set of isomorphism classes 
of R-£nite R-free {N, R)-modules, and this correspondence respects finite 
direct sums. So R My gives a one-to-one correspondence which respects 
the finite direct sums. 

It remains to show that the simple X-modules are in one-to-one cor¬ 
respondence with the vertices of the corresponding extended Dynkin dia¬ 
gram. First, we define the McKay graph L^r of X C SL 2 as in the case of 
usual hnite groups (see |Yosl (10.3)]). It is a hnite quiver dehned as fol¬ 
lows. A vertex of Ltv is an isomorphism class of simple X-modules. We draw 
Uij = dimfc HomG(Ri, R Ok Vj) arrows from [R] to [R], where [R] and [R] are 
vertices. As R = R*, it is easy to see that = uji, and we regard L^v as an 
unoriented graph. As X —)■ End(R) is a closed immersion, fc[End(R)] —)■ fc[X] 
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is surjective. So it is easy to see that any simple A^-module is a direct sum¬ 
mand of some So Fjv must be a connected graph (if Vj is a direct 

summnad of then starting from the trivial module [Vq] = [/c], we reach 
[1^] along a path of the length r). Moreover, when we set aj = dim^ Vj, we 
have 2aj = dimfc(l/ ® Vj) = = {[ho], ■ ■ ■, [Ki]} is the set of 

vertices, then n > 1, since N is assumed to be non-trivial. A connected hnite 
graph with the vertex set Vat (with > 2) with riij arrows from [1^] to 

with a function [V^j i—)■ aj with the property 2aj = Uijai is classihed 
easily, and is one of (A„) {n> 1), {Dn) (n > 4), {Eq), (E^), or (Eg) displayed 
in |Yosl section 10] (the symbol [i?] there should be replaced by the trivial 
representation [k] here), or the graph 


[k] 


(38) 



1 


which has a self arrow. N is abelian if and only if aj = 1 for all j if and only 
Fat is of type {An). So N is of type {An) if and only if F^v is of type {An). 
If N is of type {Dn) {n > 4), then N has the Klein group Z/2Z x Z/2Z as a 
quotient. So F^r is not {A^n-g), and aj = 1 for at least four j. By dimension 
counting, Fmust be {Dn). If N is of type {Eq) (resp. {E^), {Eg)), then 
N/[N,N] is of order 3 (resp. 2, 1), and there are exactly three (two, one) 
one-dimensional representations. So it is easy to see that Fat is {Eq) (resp. 
{Ej), {Es)). After all, fl38|l does not have a corresponding N. 

4 is similar to 3. 

5 follows easily from the discussion in the proof of 3. □ 

18. Determinantal rings 

Lemma 18.1. Let S be a scheme, and G aflat quasi-compact quasi-separated 
S-group scheme. Let ip : X ^ Y be an almost principal G-bundle with respect 
to Lf <Z Y and V <Z X. Assume that X is Noetherian and normal, and Y 
is Noetherian and satisfies Serre’s condition {S 2 ). Then Y is normal, and 
fj : Oy —^ {g>*Ox)^ is an isomorphism. 
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Proof. As p : V ^ U is fpqc and V is normal, we have that U is normal. As 
Ureg is large in U and U is large in Y, we have that Y satishes Serre’s (i?i) 
condition, and hence Y is normal. By Theorem 110.131 fj is an isomorphism. 

□ 

(18.2) Let A; be a held, and n > m > t > 2. Let X = Mat(m,t — 1) x 
Mat(t — l,n), where Mat(a,6) denotes the afe-dimensional affine space of 
the set of a X 6 matrices. Let Y = Yt{m,n) be the determinantal variety 
{C G Mat(m,n) | rankC* < t}. Let (p : X —>■ T be the map (p{A,B) = AB. 
Let U be the open set Y \ Tt-i, and V = Let N = GL{t — 1), 

and G = GL{m) x GL{t — 1) x GL(n). The proof of |Has4l (3.1)] shows the 
following. 

Theorem 18.3. Let the notation he as above. Then p is a G-enriched almost 
principal N-bundle with respect to U and V. □ 

Using this theorem and the fact that Y is Cohen-Macanlay [HocE] . we 
give short proofs to some well-known results on determinantal rings. 

Corollary 18.4 (de Concini-Procesi |DeCP] . |Has4] ). Y is normal, and p 
is an algebraic quotient by the action of N {as N is reductive, p is also a 
categorical quotient). 

Proof. Follows immediately from Theorem 118.31 and Lemma 118.11 □ 

Corollary 18.5 (Bruns [Bru ] ). Cl(y) = Z. 

Proof As C1(X) = 0, C1(U) ^ iLig(G,C>^) by Theorem fTTAl By [TT^ 
(4.15)], we have that C1(U) = X{N). It is well-known that X/[X, X] = 
and X{N) = X{Gm) = Z. □ 

Corollary 18.6 (Svanes |Sva] L Y is Gorenstein if and only if m = n. 

Proof. Let V = kP, W = and E = be the vector representations 
of GLn, GLm, and GLt-i, respectively. Then letting B := Sym(lU* (g) E) ® 
Sym(E'* (g) V) (so X = Spec!?), we have that 

UB = B®k ^^"'^{W* ® E) f\^°^{E* ® V) 

= B®k (g)fc (/\*°Piy)®(i-d (/\t°P'i/)®h-i). 

In particular, ub = B as (X, i?)-modales if and only if m = n. If m = n, 
then by Corollary 111.191 = A as A-modules, and hence A is Gorenstein 
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(note that is trivial, since N is connected reductive, see Remark [1 1.2 ip . 
Conversely, if A is Gorenstein, being a positively graded ring over a field, 
oja — A as y4-modules. So ojb = B as (iV, i?)-modules by Corollary 111.191 


and hence m = n. 


□ 


(18.7) We can do a similar discussion also on the invariant subrings under 
the action of symplectic groups. 

Let k he a held, t,n G h with 4 < 2t < n, and X = Mat(2f — 2,n). 
Let Y = be the Pfafhan subvariety of Alt(n), the affine space of u x n 
alternating matrices, dehned by 2f-Pfaffians. That is, when C = k[xij]i<i^j<n 
is the coordinate ring of Alt(n) and P = (x^) (where Xu = 0 and Xji = —Xij), 
then Y is the closed subscheme of Alt(n) dehned by the ideal generated 
by all the 2t-Pfaffians of the alternating matrix P. We set J = Jt-i = 
£ GL{t — 1), where 5 denotes Kronecker’s delta. We dehne 



The symplectic group is dehned as 


:= {A e GL{2t - 2) I ^AJA = J}. 


Let N = Sp 24 _ 2 , V = kA, E = and G = GL{n) x N. Note that G acts 
on X by {h, n) ■ A = nAh~^. 

Let : A —)■ y be the map given by (p{C) = ^CJC. Almost by dehnition, 
ip is A-invariant. For C E X, (p{C) has rank at most 2t — 2, and hence 2t- 
Pfaffians of p{C) vanish, and p is well-dehned. Set R = R \ l^_i, and 
U = p~^{y). Then the discussion in [Has41 section 5] shows the following. 

Theorem 18.8. Let the notation he as above. Then p is a G-enriched almost 
principal N-bundle with respect to U and V. Y is Cohen-Macaulay. 

Corollary 18.9. Let the notation he as above. 

1 {De Concini and Procesi |DeCP] ) p is an algebraic quotient, and Y is 
a normal variety. 

2 As N = [A, A], we have that Cl(y) is trivial. That is, the coordinate 
ring ofY is a UFD [hence is Gorenstein). 
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